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Abstract: We explicitly calculate the topological terms that arise in IR effective field the-
ories for SU(N) gauge theories on R3 × S1 by integrating out all but the lightest modes.
We then show how these terms match all global-symmetry ’t Hooft anomalies of the UV de-
scription. We limit our discussion to theories with abelian 0-form symmetries, namely those
with one flavour of adjoint Weyl fermion and one or zero flavours of Dirac fermions. While
anomaly matching holds as required, it takes a different form than previously thought. For
example, cubic- and mixed-U(1) anomalies are matched by local background-field-dependent
topological terms (background TQFTs) instead of chiral-lagrangian Wess-Zumino terms. We
also describe the coupling of 0-form and 1-form symmetry backgrounds in the magnetic dual
of super-Yang-Mills theory in a novel way, valid throughout the RG flow and consistent with
the monopole-instanton ’t Hooft vertices. We use it to discuss the matching of the mixed
chiral-center anomaly in the magnetic dual.
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1 Introduction
This paper is about the connection between two recent developments in nonperturbative
gauge theories which we find quite exciting and worthwhile.
The first, more than a decade old, is the realization that complicated and analytically
untractable problems in four-dimensional (4d) asymptotically free gauge theories—such as
confinement and chiral symmetry breaking—yield to theoretically controlled analysis once
spacetime is compactified to R3 × S1, where S1 is interpreted as a spatial circle and is not
encoding finite temperature. This first development is due to the work of Ünsal (and, later,
collaborators). The study of gauge theories on R3×S1 yields new analytical insight into their
nonperturbative dynamics, a rare luxury in four dimensional gauge theories. Further, this
insight is not restricted to supersymmetric theories and, in many cases, is known or expected
to lead to results whose validity (qualitatively) extends to the physically relevant limit of large
circle size. By now, there is too much literature on circle-compactified gauge dynamics to
refer to in the Introduction. We only mention a few early references [1–4] and the more recent
review [5]. We also stress that there is no inherent magic in the circle-compactification setup.
The two pillars of the approach are the (approximate) center stability and the existence of
a small parameter related to the circle size: semiclassical calculability holds for ΛNL 2pi,
where L is the S1 size and Λ is the strong coupling scale of the SU(N) gauge theory.
The second exciting development is only a few years old. It was realized, after [6–8], that
there are previously missed anomaly matching conditions, generalizing those of ’t Hooft [9].
These conditions severely constrain (but, usually, do not uniquely determine) the infrared
(IR) phases of gauge theories. These, as we shall call them, “new ’t Hooft anomaly matching
conditions” involve discrete symmetries, including spacetime ones, as well as higher-form
symmetries, notably the “center symmetry” of pure SU(N) Yang-Mills theory. The latter is
well-understood on the lattice, see [10] for review, but appears here in new disguises and has
new interesting applications.
In this paper, we do not aim to find new solutions or propose new phases of previously
unsolved gauge theories. Instead we shall connect the above two developments in a modest
way, yet one that has not been fully fleshed out. We want to understand, in a detailed
manner, how the new anomaly matching conditions manifest themselves within the weakly-
coupled nonperturbative dynamics of circle-compactified gauge theories. As will be reviewed
below, solving for the IR dynamics on R3 × S1 involves a tower of effective field theories
(EFTs), each valid at consecutively lower energy scales. Some of these EFTs are obtained
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after an electric-magnetic duality transformation. Every EFT captures the degrees of freedom
and the perturbative and nonperturbative effects important within the range of its validity.
The solution of the circle-compactified theory is found in a theoretically controlled way, hence
there is no doubt that the appropriate new and old ’t Hooft anomalies are matched. In fact,
we shall see that our results explicitly confirm this expectation; one might view the matching
as an argument in favour of small-circle calculability.
Despite the expected matching of ’t Hooft anomalies, it is still interesting to give a
detailed description thereof within the calculable R3 × S1 setup. Such a description entails1
determining how background fields gauging the global symmetries are coupled to the EFTs
that capture the dynamics at different scales. These background field couplings allow one to
see the manifestation of ’t Hooft anomalies in each energy range.2
We can think of at least two reasons to study this question. One is that determining these
background-gauging couplings is, by itself, an interesting exercise in constructing EFTs. We
shall see that the details of the ’t Hooft anomalies’ matching can be intricate.3 We also
expect that understanding the EFT’s coupling to global symmetry backgrounds will shed
light on how various topological quantum field theories (TQFTs) appear in the deep IR, in
a setup where the dynamics is understood at all scales. Such IR TQFTs have been deemed
necessary to match the new ’t Hooft anomalies, including anomaly inflow on the worldvolumes
of domain walls. It would be interesting to see how they arise from the calculable dynamics;
related studies in different contexts are in [18, 19].
This already rather lengthy paper is entirely devoted to the first item above.
1.1 The scope and main results of this paper
To be concrete, we consider a small subset (but, we think, a fairly representative one) of
the theories whose dynamics can be analytically studied on R3 × S1. We now list the 4d
theories we study in this paper, along with a brief account of their global symmetries, ’t
Hooft anomalies, symmetry realization, and the results of our findings.
We believe that many of the remarks we make below in the context of the particular
theories discussed are of more general validity.
A+F: An SU(N) gauge theory with a single massless adjoint Weyl fermion and a single
1We assume familiarity with ’t Hooft anomalies. A (necessarily rough) reminder is that ’t Hooft anomalies
arise when, upon introducing nondynamical background fields gauging the global symmetries, the theory can
not retain invariance under the corresponding background gauge transformations. In other words, promoting
these background fields to dynamical ones would be impossible without introducing ’t Hooft’s spectators [9],
or, equivalently, anomaly inflow from a higher dimensional bulk; a recent review along these lines is in [11].
2A few papers [12–16] have dealt with related issues in the calculable small-circle setup, at various levels of
explicit detail. Closest to our immediate subject, the coupling of backgrounds gauging the global symmetries
in deformed Yang-Mills theory (dYM) [3] was studied in [15]; a comment relevant to dYM is in footnote 36
after eq. (4.16). The results of Section 4.2.2 are also relevant.
3There may be other applications of our results, such as studying topological phases on the circle, but we
shall not discuss these further, see [17].
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massless Dirac fermion in the fundamental representation F .4 The global symmetries are: a
chiral U(1)A, acting on both the Dirac fermion and the adjoint, and a vector U(1)V acting
on the Dirac fermion. In the massless A + F case, there are only “old” ’t Hooft anomalies,
the mixed U(1)AU(1)2V and the cubic U(1)A anomalies (we do not study anomalies involving
gravity in this paper). While the A + F theory has no new ’t Hooft anomalies, it is still
instructive to discuss the fate of the “old” ones in the R3 × S1 EFT in some detail. We do
so in Sections 3.2 and 4.1, where we study the matching of anomalies in the electric and
magnetic EFTs, respectively. These EFTs describe physics below the scale 1/(NL).
The R4 expectation for the A + F theory is that fermion-bilinear condensates break
U(1)A and the ’t Hooft anomalies are matched by coupling of the Goldstone field to the
various global backgrounds via a Wess-Zumino term in the chiral lagrangian.5 On R3 × S1,
this theory was studied in [21], where it was argued that the small and large circle phases of
the center-stabilized theories are continuously connected, with U(1)A broken both at small
and large radius. The physics of the Goldstone mode was described by a magnetic dual EFT,
which incorporates nonperturbative magnetic bion effects.
Our new results regarding this theory are as follows. First, the topological terms, induced
by loop effects on R3 × S1, are calclulated after carefully regulating the theory in a manner
preserving both gauge and 4D Lorentz invariance. These calculations, whose details are
presented in Appendices A, B, constitute the main technical result of this paper. Second,
we show that the nature of the Goldstone field is determined by these topological terms.6
Finally, we argue that, while there is a Goldstone field associated with the U(1)A-breaking
on R3×S1 [21], similar to R4, the matching of the (U(1)A)3 and U(1)A(U(1)V )2 anomalies in
the small-circle EFT is not due to its Wess-Zumino coupling, but is instead due to the local,
background-only dependent terms, arising from integrating out the Kaluza-Klein modes of
the A+ F fermions in the center-stabilized theory.
The matching of the cubic and mixed anomalies by local background-dependent terms,
without IR poles [24–26], is only possible due to the breaking of Lorentz symmetry by the
compactification, which also gives mass to the relevant charged fermions. This has, in fact,
been appreciated in the string literature [27, 28]. Our contribution here is to combine this
realization with a discussion of the calculable nonperturbative dynamics on R3×S1, including
electric-magnetic duality. Further, our calculations in Coulomb-branch backgrounds are more
general and significantly more involved than those previously considered. In particular, the
use of gauge-invariant Majorana mass regulators for real-representation fermions on R3 × S1
is a new technique.
It is sometimes stated that the IR EFT on R3×S1 should only match the “new" anomalies
involving higher-form symmetries and the matching of the 0-form anomalies is ignored. The
4With center stability ensured by a double-trace deformation or by the addition of a few massive adjoint
multiplets as in [3, 4].
5Recent lattice studies on mixed representation theories are in [20], but with Dirac adjoint fermions.
6This is similar to how Goldstone [22] identification has been argued to occur in 3D theories [23]. The
discussion of this paper using loop-induced topological terms in locally-4D theories is new.
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calculations done here explicitly show that 0-form anomalies are also matched, but are due
to local terms depending on the background fields gauging the 0-form symmetries, both
continuous or discrete. We expect that this continues to hold in the small-circle setup also
for theories with nonabelian global symmetries.
SYM: An SU(N) gauge theory with a single massless adjoint Weyl fermion. This is super
Yang-Mills theory (SYM). The global symmetries are Z(0)2N and Z
(1)
N , the 0-form chiral and
1-form center symmetries,7 which have a mixed ’t Hooft anomaly of the “new” type. There
is also a cubic Z(0)2N anomaly. On R
4 (see e.g. [29, 30] for reviews), the theory is known to
break Z(0)2N → Z(0)2 and have N vacua with domain walls (DW) between them. The global
symmetry realization and vacuum structure is the same on R3× S1 and the theory is gapped
and confining at all S1 sizes [31].
In Section 3.1, we determine the couplings of the Coulomb-branch EFT (valid at energy
scales larger than mass gap but smaller than 1/(NL)) to the background fields for the 0-
form and 1-form global symmetries. We also discuss the matching of the various anomalies.
The topological terms from Appendix A once again play an important role in this discussion.
Similar to the cubic-U(1)A anomaly of the A+F theory, the 0-form Z
(0)
2N cubic anomaly is also
matched by local terms. The matching of the new mixed chiral-center symmetry anomaly in
the electric theory is discussed in Section 3.1.1.
The introduction of chiral and center symmetry backgrounds in the electric and magnetic
theories and the way the anomaly manifests itself in the magnetic dual EFT is discussed at
great length in Section 4.2. We gauge the 1-form symmetry in a manner valid at all scales,
including the UV SU(N) theory, without using an embedding in the emergent center of
the Coulomb branch theory [15, 32]. The results on background couplings and anomaly
matching obtained here should form the basis of further studies of the interplay of dynamics
and anomaly matching at lower scales.
A+R: An SU(N) gauge theory with a single massless adjoint Weyl fermion and a single
massless Dirac fermion in a complex representation R (in other words, there is a left-handed
Weyl fermion in R and another one in the complex conjugate R∗). We do not discuss the
dynamics of this theory in this paper. However, our calculations of topological terms on
R3 × S1 are done for Dirac fermions in arbitrary representations R in arbitrary holonomy
backgrounds and allow a discussion of anomaly matching.8
7We use the superscripts (0) to denote 0-form symmetries and (1) to denote 1-form ones.
8For completeness, the continuous global symmetries and their ’t Hooft anomalies are as for the A + F
theory, but now there is also a discrete chiral symmetry, Z(0)2T (R), acting only on the Dirac fermion (this is
an independent symmetry only for R of N -ality nR greater than unity). It has a cubic anomaly and mixed
anomalies with the continuous symmetries. For gcd(N,nR) = 1, there is no 1-form center symmetry, but
one can turn on ’t Hooft fluxes for the colour and U(1)V fields, leading to the so-called new “BCF” ’t Hooft
anomaly, see [16, 33, 34]. The topological terms we calculated allow one to study how this anomaly is matched.
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1.2 Outline
A brief outline of this paper is as follows. In Section 2, we describe the R3×S1 setup. We intro-
duce notation appropriate to describe the long-distance dynamics on the SU(N)→ U(1)N−1
Coulomb branch, introduce the relevant Cartan subalgebra fields, discus the appropriate
scales, and pay particular attention to the description of the global center symmetries, see
the end of Section 2.2. The turning on of various background fields for the global symmetries
is discussed in Section 2.3.
In Section 3, we describe the results of the sometimes lengthy calculations of Appendices A
and B of the topological terms induced by integrating out the Kaluza-Klein modes of the
fermions. We discuss in turn the matching of various anomalies in the electric EFT in SYM
(Section 3.1) and the A + F theory (Section 3.2). In Section 4, we describe the coupling to
background fields and anomaly matching in the corresponding magnetic dual EFTs.
Appendix A contains the details of our adjoint-fermion calculations. We calculate their
contributions to various background-field dependent topological terms using a gauge and 4D
Lorentz invariant Pauli-Villars regulator with Majorana mass terms. In Appendix B we repeat
this for a general Dirac fermion in a representation R. The calculations given in detail in these
appendices are among our main results. A proof of a useful infinite sum is in Appendix D.
Finally, in Appendix C, we make some comments on the loop-induced Chern-Simons
term in the unbroken-SU(N) phase. This remark may be relevant for the study of small-L
topological phases, but we do not pursue this further. We only note that our calculations imply
that there is a subtlety regarding the classical equivalence between a background Wilson line
and the non-periodic boundary conditions for the fermions on S1, in cases where the relation
between the two involves an anomalous-U(1) field redefinition.
1.3 Outlook
Many circle-compactified theories were left out of the above discussion. Notably, we did not
consider theories with nonabelian global symmetries (e.g. multiflavor ones). There are many
interesting examples in the literature, including ones where the IR physics is not gapped [1–
4, 35, 36]. Notably, a version of QCD on R3×S1 with an abelian chiral lagrangian was studied
in [37], somewhat similar to our A+ F theory. The results here allow for a generalization to
this and other theories. In addition, we did not study anomalies involving gravity, nor did
we study global anomalies; to complete the understanding of anomaly matching, it would be
desirable to investigate these as well. Another avenue for future study is to use our results
here for a further study of the TQFTs arising in the deep IR in the theories with calculable
dynamics.
2 The R3 × S1 setup: notation, relevant scales, and EFTs
As described in the Introduction, Section 1, we study SU(N) Yang-Mills theory with two
kinds of massless fermions: massless adjoint Weyl fermions and massless Dirac fermions in
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an arbitrary representation R. In this paper, we restrict the discussion to at most a single
flavor of each field. In the nonsupersymmetric case, to achieve (approximate) center stability,
one adds a number of massive extra adjoints, or a double-trace deformation (an explicit
description of center stabilization will not be essential for us and can be found in [3, 4]).
The essential feature ensuring semiclassical calculability on R3 × S1 is that due to the
deformation (or in SYM, the nonperturbative dynamics) the theory dynamically abelianizes:
SU(N) → U(1)N−1 at a scale of order 1NL . The unbroken U(1)N−1 is the maximal Abelian
subgroup of SU(N). Perturbatively, the U(1)N−1 gauge bosons (we shall often call them
“Cartan photons”) remain massless, while the non-Cartan W -bosons have mass, the lightest
of which is 2piNL at the center symmetric point. We assume that ΛNL 2pi so that there is a
separation of scales between the mass of the lightest W -boson, 2piNL , and the strong coupling
scale Λ. This guarantees that the gauge coupling remains weak at all scales.
The 3d EFT describing physics at distance scales  NL is thus a theory of the Car-
tan subalgebra fields (in SYM, both bosonic and fermionic). The EFT also incorporates
semiclassical nonperturbative effects. In SYM, these lead to the generation of a mass gap,
confinement, and chiral symmetry breaking. As discussed many times, see [1–5], despite
being 3d, this EFT “remembers” many features of the 4d theory. Here we focus on the var-
ious ’t Hooft anomalies of the 4d theory. To study these, in this paper we integrate out all
the massive non-Cartan fermions (sometimes, we also study the effect of the light Cartan
fermions). Information about the anomalies is encoded in the topological terms they induce
in the long-distance R3 theory. To extract it, we shall include background fields for the global
symmetries and study the topological terms involving these fields.
2.1 Notations
We denote the R4 coordinates by xM , with M = 0, 1, 2, 3. The S1 coordinate is x3 ≡ x3 + L,
while xµ with µ = 0, 1, 2 are coordinates in R3. The Levi-Civita tensors in R4 and R3 are
0123 = +1 and 012 = +1 and the metric has a (+,−,−,−) signature.
As the theory abelianizes at distances greater than NL, our EFT involves Cartan subal-
gebra fields. We shall use indices a, b (a, b = 1, ..., N − 1) to denote the Cartan components
of the various fields. Sometimes, we will replace Cartan subalgebra indices with arrows.
Thus, the a-th Cartan component of the SU(N) gauge field is Aa = Aaµdxµ (equivalently,
the 1-form ~A) and F a = dAa = 12F
a
µνdx
µ ∧ dxν is the corresponding Cartan-subalgebra field
strength (equivalently, we use the 2-form ~F ). The Cartan components of the gauge field in
the compact direction are Aa3. They play the role of a compact Higgs field responsible for the
SU(N)→ U(1)N−1 breakdown and a more appropriate notation for them will be introduced
below.
Our Lie-algebraic conventions are as follows. The simple roots are ~αk, taken to have
length 2; the fundamental weights are ~wk, with ~αk · ~wp = δkp, k, p = 1, ...N − 1. We denote
by β+ the set of all positive roots. More explicitly, these can be labelled as ~βAB, with
1 ≤ A < B ≤ N (the simple roots are a subset, ~αk = ~βk,k+1). The positive roots are related
to the weights of the fundamental representation, ~νA (A = 1, ..., N) as ~βAB = ~νA − ~νB. The
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weights of the fundamental representation obey ~νA ·~νB = δAB− 1N . We shall also use the facts
that
∑
β+
βaβb ≡
∑
1≤A<B≤N
βABa β
AB
b = Nδab ≡ C(A)2 δab and
∑
A
νAa ν
A
b = δab ≡ C(F )δab, where
C(R) denotes the quadratic Casimir of the representation R (above we used R = A (adjoint)
or R = F (fundamental)). The Weyl vector ~ρ, which determines the center-symmetric value
of the holonomy (2.1), equals the sum of all fundamental weights ~wk or half the sum of all
positive roots ~βAB. When we consider a general representation R, we shall use ~λi to denote
its weights, i = 1, ...,dimR, with
∑
j λ
a
jλ
b
j = C(R)δ
ab.
2.2 Dynamical fields, scales, and center symmetries in the Coulomb branch EFT
It is convenient to introduce new notation to describe the fluctuations of Aa3 in the EFT.
The non-Cartan components of A3, as well as the nonzero Kaluza-Klein (KK) modes of Aa3
on S1 are gauged away in the “unitary” gauge (see e.g. [38]). We shall denote by 2pi~φ the
Cartan-valued S1 holonomy. We define the origin of ~φ so that 〈~φ〉 = 0 corresponds to the
center symmetric point. Explicitly, the definition of ~φ, relating it to ~A3, is9
LAa3 ≡
2piρa
N
+ 2piφa. (2.1)
Here ~ρ is the Weyl vector. Thus, 2pi~φ denotes the S1 holonomy shifted by the center symmetric
value. Using (2.1), the N eigenvalues of the fundamental Wilson loop Ω = diag(ω1, . . . ωN )
along the S1 are
ωA = e
i~νA· ~A3L = ei
2pi
N
(N−1
2
−A)ei2pi~νA·~φ , A = 1, . . . , N. (2.2)
This makes it obvious that ~φ = 0 corresponds to the center symmetric point, tr Ωk = 0,
k 6= NZ. The periodicity of ~φ in the SU(N) theory is in the root lattice, i.e. under large
gauge transformations ~φ → ~φ + ~αkck, ck ∈ Z (k = 1, ...N − 1). One way to see this is to
note that Wilson line operators in the fundamental representations, whose (gauge invariant)
eigenvalues are given in (2.2), are periodic under root-lattice shifts of ~φ.10
If any of the R3 directions are compactified (e.g. on a large three-torus), the holonomies of
~A around 1-cycles also have periodicity in the root lattice. For noncontractible 2-surfaces, we
also have that
∮
~F = 2pi~αk c
k, ck ∈ Z, for U(1)N−1 fields descending from an SU(N) bundle,
as appropriate for backgrounds corresponding to dynamical gauge fields.11 Similarly, over 1-
9Notice that, compared to most previous work on the subject, 2pi~φ
∣∣
this paper
= ~φ
∣∣
older refs.
, e.g. [39–41].
10For use below, note that in the SU(N)/ZN theory, on the other hand, the line operators are in the adjoint
representation and their eigenvalues, similar to (2.2), but with ~νA replaced by roots ~βAB , are periodic under
weight-lattice shifts of ~φ.
11One can argue for this quantization by considering a probe fundamental particle in the SU(N) theory. Its
wavefunction changes by e
i
∮
C
~νA· ~A
= e
i
∫
S,∂S=C
~νA·~F
upon parallel transport around a closed loop C. Imagining
that S lies, e.g. inside a two-torus, the latter expression is well defined, i.e. independent on the choice of
S only if the integral
∮
~F belongs to the root lattice (times 2pi). Again, for future use we note that this
quantization condition, like the periodicity of ~φ, changes when the SU(N)/ZN theory is considered: the probe
particle wavefunction now involves a root-lattice vector and the quantization of
∮
~F is now 2pi× a weight-lattice
vector.
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cycles, the periodic scalars can have monodromies
∮
d~φ = ~αkc
k, implied by their root-lattice
periodicity.
The 1-form ~A and 0-form ~φ introduced in this Section are the dynamical bosonic fields
in the R3 EFT governing physics at scales  NL. In both SYM and A + F theories, the
Cartan subalgebra fermions ~ψ also remain light and participate in the EFT.12 In terms of
these Cartan subalgebra fields, the tree-level kinetic Lagrangian of our IR theory on R3 is
that of a free theory of U(1)N−1 gauge fields ~A with a decoupled set of N − 1 scalar fields ~φ
and the Cartan components of the fermions ~ψ (two component Weyl fermions, see Appendix
A for the UV fermion lagrangian and definition of σ¯M ):
LIR,kinetic = − L
4g2
~Fµν · ~Fµν + 2pi
2
g2L
∂µ~φ
′ · ∂µ~φ′ + i ~ψ †σ¯µ∂µ ~ψ, (2.3)
where ~φ′ ≡ ~φ − 〈~φ〉 denotes the fluctuation of (2.1) around its expectation value. Here, the
coupling g is the 4d coupling taken at the scale 1L . At one loop order, W -boson loops lead
to mixing between the different Cartan fields and hence to different couplings of the different
U(1) factors; these mixings are suppressed in the ΛNL  1 limit and we shall ignore them
for simplicity (see [42] for their calculation). There are also U(1)N−1-gauge invariant terms
suppressed by inverse powers of mW = 2piNL , which we also ignore.
In the nonsupersymmetric case of an A + F (A + R) theory, there is a potential term
for the scalars, due to the center stabilization mechanism that ensures abelianization. The
scalars ~φ then obtain mass of order m~φ ∼
√
g2N
LN  1LN ∼ mW . As m~φ is smaller than the
W -boson mass, one is still justified keeping the ~φ fields in the Cartan subalgebra EFT (2.3)
valid at energies  1LN . However, at much lower scales  g
√
N
LN , one should integrate out ~φ
and transition to an EFT only involving ~A and ~ψ.
Finally, we also comment on the global center symmetries of our R3 × S1 Coulomb-branch
EFT (2.3). We note that the usual description of the global center symmetries’ action in
the R3 × S1 setup uses an embedding into the emergent center symmetries of the Coulomb
branch theory. This way to represent the action of the center symmetries is described below.
In Section 4.2.2, we give a description that does not use such an embedding and discuss its
relation to the present one. The description of Section 4.2.2 has the advantage of being valid
at all scales, as it makes no use of emergent symmetries, and is particularly useful when
introducing background fields gauging the center symmetries.
1-form electric center symmetry: The IR theory has an [U(1)e]N−1 emergent 1-form
electric center symmetry, but this is not a symmetry of the UV SU(N) theory, which only
has a Z(1)N symmetry. Its reduction to R
3 acts on topologically nontrivial (or infinite) Wilson
loops in R3 by multiplication by a ZN phase. The Z
(1)
N symmetry of the UV theory can
be embedded in the emergent electric center. To see the Z(1)N action, consider the EFT
12Sometimes, we shall also call this theory the “Coulomb branch” EFT.
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objects that are charged under the global center symmetry. In the electric description of the
theory, the charged objects are electric Wilson lines, e
i
∮
C
~A·~νB
, which are the eigenvalues of
fundamental Wilson loops along noncontractible (or infinite, in R3) loops C, and B = 1, ..., N
labels the eigenvalues. Under center symmetry, noncontractible loops are multiplied by ZN
phases. This can be achieved by postulating the global symmetry transformation13
Z(1)N : ~A→ ~A−N ~w1(1), (2.4)
where (1) is a closed 1-form (so that ~F = d ~A is invariant) obeying, along noncontractible
loops,∮
C
(1) =
2pik
N
, k ∈ Z, d(1) = 0, (2.5)
and ~w1 is the highest weight of the fundamental representation. Then, using ~w1 · ~νB =
− 1N + δB1, the Wilson loop transforms as
Z(1)N : e
i
∮
C
~A·~νB → e
−i(δB1− 1N )
∮
C
N(1)
e
i
∮
C
~A·~νB
= ei
2pik
N e
i
∮
C
~A·~νB
, (2.6)
precisely as desired for the 1-form Z(1)N center symmetry.
0-form emergent magnetic center symmetry: [U(1)m]N−1, due to the fact that the
currents ja = ∗F a are conserved in the long-distance theory (2.3) due to the Bianchi identities
dF a = 0. One can introduce background 1-form gauge fields aa for this emergent symmetry
via CS couplings of the form kabaa ∧ ∗jb = kabaa ∧ F b. This symmetry is also broken by the
UV SU(N) dynamics.
“0-form” electric center symmetry: ZS1N is inherited from the 1-form center symmetry
of the 4d SU(N) theory (this could be called “S1-component of the 1-form ZN symmetry
of the R4 SU(N) theory” but for brevity we shall refer it to as above). ZS1N acts on the S1
fundamental Wilson loop Ω = diag(ω1, . . . ωN ), with eigenvalues ωA = eiL
~A3·~νA given in (2.2),
upon multiplication by a ZN phase. It is clear from (2.2) that shifting the holonomy by the
weight vector ~w1 multiplies ωA by a ZN phase, i.e.
ZS
1
N : L
~A3 → L ~A3 −N ~w1(0), with (0) = 2pi
N
, (2.7)
ωA → ei 2piN ωA ,
owing to ~νA · ~w1 = δA1 − 1N . We stress the analogy of these transformations to (2.4, 2.5) (we
have set k = 1) stemming from the fact that the 0-form center is the component of the R4
13The choice of ~w1 for the direction of embedding of Z(1)N in [U(1)e]
N−1 is not unique. Another choice was
made in [15, 32], related to ours by a Weyl transformation.
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1-form center along the compact direction. Under the action of the 0-form center (2.7), the
S1 Wilson loop transforms as
ZS
1
N : tr Ω
p → ei 2pipN tr Ωp, (2.8)
as appropriate for a 0-form center symmetry ZS1N . We can use (2.7) to find the action of the
0-form center on the EFT field ~φ of (2.1), ~φ→ ~φ− 2pi ~w1.
The action of the global 0-form center from (2.7), however, is not convenient for use in
the EFT, because the shift of L ~A3 by 2pi ~w1 brings the field outside its fundamental domain,
also known as the Weyl chamber. To elucidate, we note that the masses of the non-Cartan
W -bosons, see e.g. [38], labeled by the positive-root vectors ~βAB, with A < B, are given by14
LmAB = |L ~A3 · ~βAB+2piz|, where z ∈ Z is the Kaluza-Klein number. As discussed in [40, 41],
the Weyl chamber is a connected region in the ~A3-space containing the center symmetric point
L ~A3 =
2pi~ρ
N such that no W -bosons become massless inside this region. Furthermore, points
outside the Weyl chamber are gauge equivalent to the points inside the Weyl chamber.
Explicitly, the Weyl chamber consists of points in ~A3 space such that ~αp · ~A3 > 0 (p =
1, ..., N − 1) and −~αN · ~A3 < 2piL . This is a set in the N − 1 dimensional vector space bounded
by N hyperplanes—a triangle for SU(3), tetrahedron for SU(4), etc. It is clear from the
mass formula that at the boundaries of the Weyl chamber, some W -bosons become massless,
causing the Coulomb branch EFT to break down. The center symmetric point ~A3L = 2pi~ρ/N
is in the geometric center (of the triangle, tetrahedron, etc.) of the Weyl chamber. It is easy
to see that shifting ~A3L by −2pi ~w1, as per (2.7), takes the field outside the Weyl chamber. The
shift also rearranges the heavy W -boson spectrum by mixing KK modes,15 but this change
is not detected by the EFT, since W -bosons are integrated out.
It is preferable to have the 0-form center symmetry defined so that the symmetry-
transformed field does not go outside the Weyl chamber. This is so especially in the presence
of nonperturbative center-stabilizing potentials for ~A3, where the vev determines the action
of various semiclassical objects. This can be accomplished by supplementing (2.7) by a cyclic
Weyl transformation P, a discrete SU(N) gauge transformation. Explicitly, it is described
as follows:16
ZS
1
N : L ~A3 → PL ~A3 −N ~w1(0), with (0) =
2pi
N
, (2.9)
~Aµ → P ~Aµ ,
where, for an arbitrary vector in the weight space ~v,
P~v = s1s2... . . . sN−1~v, where sp~v ≡ ~v − ~αp(~αp · ~v) . (2.10)
14For brevity, we omit the expectation value signs in the discussion that follows.
15Using (2.1), the W -boson masses can be rewritten as Lm
AB
2pi
=|B−A
N
+ ~φ · ~βAB+z|. Noting that ~w1 ·βAB =
δA1, (2.7), acting as ~φ→ ~φ− 2pik ~w1, changes this to |B−AN + ~φ · ~βAB + z − kδA1|, showing the KK shift.
16The transformation of (2.9) maps the Weyl chamber to itself. It represents a discrete ZN ∈ SO(N − 1)
rotation around the center-symmetric point. See [41] for a pictorial illustration for SU(3). In the standard
N -component basis of the weight vectors, P is simply a cyclic shift of its components.
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Put in words, P is the product of Weyl reflections w.r.t. all simple roots, generating a ZN
subgroup of the Weyl group (recall that |~αp|2 = 2). The second line in (2.9), the action of
ZS
1
N on the R3 1-form gauge field, is due to the discrete gauge transformation P to bring ~φ
in the fundamental domain [41]. For future use, we list the action of P on some important
group-lattice vectors:
P~αk = ~αk+1(modN) , k = 1, ..., N,
P~νA = ~νA+1(modN) , A = 1, ..., N,
P ~wl = ~wl − (α1 + ...+ αl) , l = 1, ..., N − 1, (2.11)
P 2pi~ρ
N
=
2pi~ρ
N
− 2pi ~w1 .
With (2.9) instead of (2.7), we find, using (2.11) and the fact that P is an N − 1×N − 1
orthogonal matrix acting in Cartan space,
ZS
1
N : ωA → e−i2pi~νA·~w1ei~νA·P ~A3L = ei
2pi
N eiP
−1~νA· ~A3L = ei
2pi
N ωA−1(modN) , (2.12)
which implies that tr Ωq → ei 2piqN tr Ωq, as in (2.8) (clearly, this is expected—since (2.7) and
(2.9) differ by an SU(N) gauge transformation, their action on gauge invariant operators
should be identical).
The detailed remarks here are useful for understanding the action of the global 0-form
and 1-form center symmetries, where the parameters (0) and (1) obey (2.9) and (2.5). When
turning on backgrounds for these symmetries, especially in the magnetic dual of our EFT
(2.3), we shall revisit the center symmetry action, see Section 4.2.2 and find that using an
embedding of SU(N) into U(N), as in the UV SU(N) theory, is required.
2.3 Background fields
To study anomalies, we will introduce background fields gauging the various global symme-
tries. Consider first background gauging of the 1-form global Z(1)N symmetry. One way
17 to
achieve this is to introduce gauge backgrounds from a SU(N)/ZN bundle, instead of a SU(N)
bundle, e.g. nontrivial ’t Hooft fluxes [44]. Thus, in backgrounds gauging the 1-form Z(1)N
symmetry, the fluxes over noncontractible 2-cycles are
∮
~F = 2pi ~wkc
k, while the monodromies
of the scalars ~φ over 1-cycles are
∮
d~φ = ~wkc
k, i.e. take values in the weight lattice, as opposed
to the root lattice for dynamical SU(N) backgrounds.
We also introduce nondynamical gauge backgrounds for the classical global U(1)A sym-
metry of SYM (and the U(1)A symmetry of the A + R theory). For SYM, the restriction
of the U(1)A field to a Z
(0)
2N field, following [43], will be described later. Thus, we denote by
B = Bµdx
µ the 1-form field gauging the classical global U(1)A symmetry of the fermions.
We also introduce a constant B3 background, which we denote by W ≡ B3 (the vev of the S1
holonomy of the background field for the global U(1)A is then LW ). Gauge transformations
17The other way is by explicitly introducing 2-form gauge backgrounds for the Z(1)N symmetry, in the con-
tinuum formalism of [43]. This will be used later in the paper, see Section 4.2.2.
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act as ∆BM = ∂Mω, M = 0, 1, 2, 3. A large gauge transformation with ω = 2pix
3
L shifts W by
2pi
L . We can write the U(1)A background as a 4d 1-form B4d defined as:
B4d = Bλ(x)dx
λ +
(
W +B′3(x)
)
dx3 . (2.13)
We indicated that the R3 1-form Bλdxλ and scalar B′3, describing the fluctuation of B3 around
its vev W , depend on xµ. These are the R3-only dependent backgrounds that can be coupled
to the KK zero-mode EFT.
Similarly to U(1)A, we introduce background fields for the U(1)V symmetry of the A+F
(A+ R) theory. We denote these by V = Vλdxλ. The expectation value of the S1 holonomy
of U(1)V is denoted by µL =
∮
S1
〈V3〉dx3. Under a large U(1)V transformation, µ shifts by 2piL .
Similar to (2.13), we write this background as a 4d 1-form V4d as
V4d = Vλ(x)dx
λ +
(
µ+ V ′3(x)
)
dx3 , (2.14)
where we denoted by V ′3 the R3-dependent fluctuation of V3 around its vev µ.
In our calculations, we included nontrivial Wilson lines for the U(1)A/V backgrounds for
several reasons. Firstly, as our main goal here is the study of anomalies, W and µ can be used
to probe the anomalies for large U(1) transformations on S1, as they shift by 2piL under such
transformations. Further, a nonzero U(1)V holonomy µ is (in some cases, see Appendix B)
necessary to avoid the presence of massless charged states in the long-distance EFT and thus
avoid strong coupling in our EFT. Finally, in the presence of nonzero Wilson lines the theory
may have topological IR phases and understanding of the topological terms induced when
W 6= 0 would be an important ingredient in their study. This goes beyond our scope here,
and we only note that the infrared dynamics may be substantially altered when W 6= 0.18
3 Topological terms and anomaly matching in the R3 × S1 electric EFT
Having set our notation in the preceding Sections, we can now write down the results for
the topological terms in our long-distance EFT, generated by integrating out the massive
components of the various fermions. These terms depend on the dynamical light fields, ~A, ~φ,
as well as on the background fields gauging the global symmetries, B,W, V, µ from (2.13,
2.14) (as appropriate for the given theory).
18 As this goes outside our main topic, we only briefly comment on the dynamical effect of nonzeroW , which
manifests itself at small L in various ways. In SYM, turning on even an infinitesimalW breaks supersymmetry
and induces a “GPY” [45] potential on the Coulomb branch. However, the strength of the potential is controlled
by |WL| and can be made arbitrarily small, so that to all orders in perturbation theory, the Coulomb branch
can be treated as approximately flat. In the non-supersymmetric case, using center stabilization with massive
adjoint flavors, the effect of an infinitesimal W on the one-loop potential is small, producing an infinitesimal
shift away from the center symmetric vev. However, despite the approximate preservation of the flatness
of the Coulomb branch, or of center symmetric holonomy, W can induce another more important effect: a
quantized Chern-Simons term, giving topological mass to the (previously massless) Cartan gauge bosons. This
topological mass is of order g
2
L
, much larger than the exponentially small mass due to nonperturbative effects,
altering the IR dynamics.
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For both SYM and A+F (and more generally, A+R) theories, we integrate out the non-
Cartan components of the adjoint fermions, which obtain mass from the nonzero expectation
value of the holonomy (2.1), taken to be (near) center-symmetric. We also integrate out the
nonzero KK modes of the Cartan components of the adjoint fermions. In addition, in the
presence of nonzero W , the KK zero-modes of the Cartan components obtain mass and we
consider integrating them out, too.
For the A + F (A + R) theory, we, in addition, integrate out the Dirac fermion in an
arbitrary representation R. It obtains mass due to the expectation value of the holonomy
and possibly µ 6= 0.
We defer to the Appendix for the many details of the derivation. In what follows, we only
present and discuss the results. Regarding the calculation, here we stress the most salient
point: we employ a regulator preserving the gauge- and 4d Lorentz symmetries and regulating
all fermion loops—a set of three gauge invariant Pauli-Villars (PV) fields. The adjoint PV
sector consists of three copies of adjoint Weyl fields with gauge invariant Majorana masses.
The three Dirac PV fields have the usual Dirac mass terms. The masses and statistics of the
three PV fields obey the relation (A.3) (the calculation of the triangle diagram of Section A.5
is an example of its utility).
We stress that the use of ζ-function regularization in the calculation of topological terms
can sometimes lead to misleading results. First, it is not a regulator for all graphs (e.g. the
triangle, witness the calculation in Section A.5). Second, the gauge invariant adjoint PV
regulator does not respect periodicity w.r.t. 2pi shifts of the Wilson line WL, due to the
Majorana mass term (recall that these shifts correspond to large gauge transformations).
However, this periodicity is preserved in a ζ-function regularization. Thus, as we shall see
below, the PV regulator correctly reproduces the anomalies in large gauge transformations,
while the ζ-function does not.19
3.1 Topological terms from a Weyl adjoint and anomalies in SYM
The calculation of the one-loop two-point and triangle graphs, with heavy non-Cartan adjoint
fields in the loops, drawn on Figs. 3, 4, 5, 7, leads to topological terms depending on the fields
gauging the global U(1)A (B,W from (2.13)) and the light, compared with 1/(NL), dynamical
Cartan subalgebra fields ( ~A, ~φ). We denote these adjoint-induced topological terms by Ladj :
Ladj =
N
pi
B ∧ ~F ·
〈~φ〉+ ~φ′ + 1
2N
∑
β∈β+
~β n(mβ,W )
− Aa ∧ F b
4pi
∑
β+
sign(W ) n(mβ,W ) βaβb
+
1
4pi
B ∧ dB sign(W )
(N2 − 1) 2
3
L |W |
2pi
− (N − 1)
⌊
L |W |
2pi
⌋
−
∑
β∈β+
n(mβ,W )
 .(3.1)
This Lagrangian is one of the main results of this paper. As explained in detail in the
Appendix, only heavy non-Cartan fields contribute to the terms in the first line of Ladj . The
19The string-motivated literature on anomalies in circle compactifications has already noted that “ζ-function
is not enough” [27, 28], essentially for the reasons mentioned.
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second line, ∼ B ∧ dB, receives also contributions from the heavy Kaluza-Klein modes of the
Cartan subalgebra fields (as they are charged under U(1)A). These terms will be important
when we discuss the matching of the cubic U(1)A anomaly. We also remind the reader that,
as per (2.1), ~φ′ is the fluctuation of the field ~φ around its vev and that 〈~φ〉 = 0 at the center
symmetric point.20
The topological terms (3.1) in our Cartan-subalgebra EFT appear rather involved and
we now explain the various factors. We begin with the mass parameter mβ, defined as
mβ ≡ 〈 ~A3〉 · ~β = 2pi
L
~ρ · ~β
N
+
2pi
L
〈~φ〉 · ~β . (3.2)
Its physical significance is that |mβ|,21 with β = βAB, equals the mass of the AB-thW -boson.
For example for β = βAB and at the center symmetric point, 〈~φ〉 = 0, we findmβAB = 2piL B−AN ;
as the minimal value of B−A is unity, we obtain the already quoted expression for the lightest
W -boson (and its adjoint fermion superpartner) mass, mW = 2piLN .
Next, the functions n(mβ,W ) and n′(mβ,W ) appearing in (3.1) are
n(mβ,W ) ≡ 1
2
∑
k∈Z
[
1− sign(|mβ + 2pi
L
k| − |W |)
]
, (3.3)
n′(mβ,W ) ≡ 1
2
∑
k∈Z
sign(mβ +
2pi
L
k)
[
1− sign(|mβ + 2pi
L
k| − |W |)
]
.
We stress right away that n and n′ both vanish when W = 0 and that, despite the way they
are written, the sums involve only a finite number of terms. We also note that the values
of W when n and n′ jump correspond to points where non-Cartan adjoint fermions become
massless and a breakdown of the EFT occurs (as, e.g. in footnote 21).
The function n(mβ,W ) takes only nonnegative integer values. It counts the number of
integers k such that |W | > |mβ + 2piL k|. Under a large gauge transformation, W → W + 2piL ,
it is easy to see from (3.3) that
sign(q(W +
2pi
L
)) n(mβ, q(W +
2pi
L
)) ≡ sign(qW ) n(mβ, qW ) + 2q. (3.4)
Here, we slightly generalized the definition of n (and of n′ below) to be used in future cases
where the fields have integer charge |q| > 1 under the relevant U(1). For further use, we also
note that (3.4) holds if ~β in (3.2,3.3) is replaced by a weight ~λ of an arbitrary representation.
20As described in the Appendix, the two parts of the BF-term in (3.1) come from different diagrams: the
part containing the vev 〈~φ〉 is from the two-point function Fig. 4, and the part containing the fluctuation ~φ′
is from the triangle graph, Fig. 5. That 〈~φ〉 and ~φ′ appear as shown is a check on the somewhat laborious
calculation of Appendices A.4 and A.5.
21For vanishing U(1)A Wilson line, W = 0: at the center symmetric point, if the U(1) Wilson line is taken to
be in ZN (W = B3 = 2piL
p
N
, with p ∈ Z), there are massless non-Cartan adjoint fermions and the long distance
dynamics needs to be reconsidered (recall that the derivation of (3.1) assumes that fields of mass ≥ 1/(NL)
are integrated out, producing local terms in the EFT of the lighter modes).
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The function n′(mβ,W ) counts the number of integers with the same property as n(mβ,W ),
but now weighted by the sign of mβ + 2piL k. It is easy to see that, as opposed to n(mβ,W ),
n′ is a periodic function of W :
n′(mβ, q(W +
2pi
L
)) ≡ n′(mβ, qW ) . (3.5)
The properties of the various terms in Ladj just listed are important to understand how
anomalies are reflected in the effective theory on R3×S1. We will next show that the effective
Lagrangian (3.1), with mβ from (3.2), and n, n′ from (3.3), captures the anomalies of the
R4 theory. We will also show that (3.1) implies that the Z2N subgroup of the classical chiral
U(1)A symmetry is anomaly free. Further, it shows that there is a mixed anomaly between
the Z2N symmetry and the one-form Z
(1)
N center symmetry of the SU(N) adjoint theory.
Before looking at ’t Hooft anomalies, we note that all terms in (3.1) are invariant under
large or small gauge transformations in the unbroken Cartan subalgroup of SU(N). This is
not a surprise, given that we used a gauge invariant regulator in the calculation. Nonetheless,
as an explicit check, we can also see the gauge invariance of our topological Lagrangian
(3.1). The only term that warrants some discussion is the Chern-Simons term for the Cartan
gauge fields. Consider a gauge transformation ∆λAa = dλa, and taking (for some arbitrary
p, q = 1, ..., N − 1) ∮ dλa = 2piαap and ∮ F a = 2piαaq , as per our earlier discussion (after
eq. (2.1)). The action corresponding to (3.1),
∮
Ladj changes as∮
∆λL
adj = −
∮
dλa ∧ F b
4pi
∑
β+
sign(W ) n(mβ,W ) βaβb (3.6)
= −2pi
∑
β+
sign(W ) n(mβ,W ) ~β · ~αp ~β · ~αq ∈ 2pi Z ,
showing that ei
∮
Ladj is gauge invariant.22
3.1.1 U(1)A anomaly from EFT vs. R4 theory
Here, we start with the R4 anomaly and reduce on S1, with the heavy non-Cartan components
of the gauge fields omitted from the variation. Explicitly, we take the 4d field strength
restricted to the Cartan subalgebra to be
F a4d = dA
a + 2pidφa ∧ dx
3
L
, (3.7)
where Aa and φa are the R3-dependent fields defined in Section 2.1. The variation of the R4
theory path integral measure under general U(1)A gauge transformations is, in such back-
grounds,
∆U(1)S4d = −2Nδab
∫
ω
F a4d ∧ F b4d
8pi2
. (3.8)
22We also note that this term is gauge invariant in the SU(N)/ZN theory, i.e. upon replacing ~αp,q with ~wp,q
in the argument above; this is relevant for maintaning gauge invariance in the 4d theory with gauged Z(1)N .
– 15 –
Let us first discuss the anomaly under large U(1)A gauge transforms. The Chern-Simons
term in Ladj (3.1) is the only term not invariant under 2piL shifts of W , i.e. large U(1)A gauge
transformations.23 Thus, denoting by ∆W the change under a 2piL shift of W , we find, using
(3.4) with q = 1:∫
R3
∆WL
adj = −
∫
R3
Aa ∧ F b
4pi
∑
β+
2βaβb = −2Nδab
∫
R3
Aa ∧ F b
4pi
. (3.9)
We now show that this variation of (3.1) matches the anomaly of the R4 theory under large
U(1)A transformation, ∆WB = dω, with ω = 2pix
3
L (
∮
dω = 2pi). For such large U(1)A gauge
transforms,
∮
S1
dω = 2pi, we obtain from (3.8), integrating by parts and using 3012 = −1,
∆WS4d = 2Nδab
∫
R3×S1
dω ∧ A
a ∧ dAb
8pi2
= −2Nδab
∫
R3
Aa ∧ F b
4pi
,
precisely matching the EFT variation (3.9).
Next, we consider variations of (3.1) under U(1)A transforms on R3, ∆wBµ = ∂µω, with
ω only a function of xµ. Since the (~F , ~A4 ∼ ~φ) fields of our EFT also only depend on R3, we
can integrate over S1 to obtain for the R3-dependent U(1)A variation, with ~F4d from (3.7):
∆ωS4d = −2N
∫
R3×S1
ω
~F4d ∧ ~F4d
8pi2
= −N
pi
∫
R3
ω ~F ∧ d~φ (3.10)
As indicated, this precisely matches the variation of the Npi B ∧ ~F · ~φ term in the EFT, as we
show below (see ∆ω
∫
R3
Ladj computed in (3.11)).
3.1.2 Anomaly-free discrete Z(0)2N and mixed Z
(0)
2N -Z
(1)
N anomaly
For the U(1)A variation of the EFT action under ∆wB = dω, integrating by parts, we
find
∆ω
∮
Ladj =
N
pi
∮
dω ∧ ~F ·
(
〈~φ〉+ ~φ′
)
+
1
pi
∮
dω ∧ ~F ·
∑
β+
~β n′(mβ,W )
= −N
pi
∮
ω ~F ∧ d~φ′ , (3.11)
which is the same as (3.10). We can then take the limit of a constant transformation parameter
ω, to get
−Nω
pi
∮
~F ∧ d~φ′ . (3.12)
23An earlier calculation by one of us [46], using ζ-function, obtained a different result for the CS coefficient,
periodic under W → W + 2pi
L
, i.e. missing the effect of the anomaly of large-U(1)A transforms. Similar
subtleties and the importance of using a gauge invariant regulator to define all divergent graphs have been
discussed in the literature [27, 28].
– 16 –
To see that U(1)A has an anomaly free subgroup, we now imagine that R3 is further com-
pactified on a large three-torus. There, as discussed after (2.1), for an SU(N) bundle, we
have
∮
~F = 2pi~αp and
∮
d~φ′ = ~αq, therefore
∆ω
∮
Ladj = −2Nω~αp · ~αq ∈ −2NωZ . (3.13)
Clearly, then, we can see that if ω = 2pi2N k, with k ∈ Z, the path integral is invariant under
U(1) transformations—this is the EFT reflection of the U(1)→ Z2N breaking of the classical
U(1) due to the anomaly.
Finally, we can also see the mixed anomaly between the Z2N and the one-form center
symmetry. For an SU(N)/ZN bundle background, as discussed in Section 2.2, we replace
the root vectors in (3.13) with weight vectors, and have instead, taking ω = 2pi2N , for the Z2N
variation of the EFT
∆ω∈Z2N
∮
Ladj = −2Nω~wp · ~wq = −2pi ~wp · ~wq ∈ 2pi(−pq
N
+ Z) , (3.14)
showing that the Z2N anomaly-free chiral symmetry is anomalous in an SU(N)/ZN back-
ground.
3.1.3 U(1)3A anomaly matching from the EFT
The classical U(1)A symmetry of the adjoint theory also has a U(1)3A chiral anomaly.
24 This
anomaly is matched in the EFT, as we shall now discuss, by the local ∼ B∧dB terms in (3.1).
There are, however, important subtleties, related to the matching of the anomaly under small
vs. large U(1)A gauge transformations that are discussed below. In the 4d theory, the U(1)3A
’t Hooft anomaly under a shift ∆B = dω is given by
∆ωS4d = −
(
N2 − 1) ∫
R3×S1
ω
dB4d ∧ dB4d
24pi2
, B4d ≡ B+(W +B′3)dx3 , 〈B′3〉 = 0, (3.15)
where the expression for the 4d 1-form B4d includes the 3d 1-form B and the scalar B′3, as
in (2.13). First, let us consider small U(1)A gauge transformations on R3. In order to see
the matching of the cubic U(1)A anomaly from Ladj , we need to introduce the dependence
of the B ∧ dB terms on the scalar field B′3. As for 〈~φ〉 and ~φ′ in (3.1), the xµ-dependent
fluctuation of B3 should appear added to its vev, which is ∼ W as per (3.15). Further, in
Ladj , the continuous dependence of W appears only in the term ∼sign(W )|W | = W , and we
conclude25 that B′3 appears in
∫
R3 L
adj as (for brevity, denoting B3 ≡W +B′3 in the next few
24As already discussed, in the purely adjoint SYM theory, only a Z2N subgroup of U(1)A is a symmetry. It
only becomes an anomaly free U(1) symmetry in the A+F (or A+R) theory. Thus, in the adjoint theory we
should really be talking about a cubic Z2N anomaly; indeed this cubic anomaly is contained in the ∼ B ∧ dB
terms, see [47]. We can also consider the SU(N) and U(1)A as global backgrounds in a free-fermion theory
(gauging subgroups of U(N2 − 1)), in which case we can discuss cubic U(1)A matching, in addition to its
various mixed anomalies.
25The careful reader may notice that—as opposed to the case of φ′B∧F term in (3.1) calculated in Appendix
A.5—we did not calculate the triangle graph contributing to the B′3B ∧ B coupling, but included if from
consistency. We note, however, that the triangle graph calculation for the U(1)3A anomaly for a Weyl fermion
on R3 × S1 appears in [27], with an identical result.
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equations)
SBdB =
1
4pi
∫
R3
B ∧ dB
[(
N2 − 1) 2
3
LB3
2pi
− χ (|W |)
]
. (3.16)
Here we denoted the integer-valuedW -dependent terms in (3.1) as χ (|W |) for some cleanliness
in this discussion.26 Under the small U(1)A transformation, this term in
∫
R3 L
adj transforms
as
∆ωSBdB =
1
4pi
∫
R3
dω ∧ dB
[(
N2 − 1) 2
3
LB3
2pi
− χ (|W |)
]
= − (N2 − 1) L
2pi
∫
R3
ω
dB′3 ∧ dB
6pi
.
(3.17)
Here the second line follows from the first by integration by parts.
To compare with the 4d cubic anomaly, from equation (3.15), we separate the B′3 com-
ponent and integrate around the S1 to find
∆ωS4d = −
(
N2 − 1) L
2pi
∫
R3
ω
(
dB′3 ∧ dB
12pi
+
dB ∧ dB′3
12pi
)
= − (N2 − 1) L
2pi
∫
R3
ω
dB′3 ∧ dB
6pi
(3.18)
Thus, the variation of the topological terms in the EFT under small R3-dependent U(1)A
gauge transformation matches the cubic U(1)A anomaly of the 4d theory. We stress again that
this cubic U(1)A anomaly matching is due entirely due to massive modes that are integrated
out of the EFT. The cubic U(1)A anomaly (under small gauge transformations) is represented
in the EFT by local background-dependent topological terms, the B ∧ dB terms in Ladj . The
massless Cartan subalgebra fermions (the zero Kaluza-Klein modes) do not contribute to the
cubic U(1)A anomaly.
Now, we consider the large U(1)A gauge transformations ω = 2pikL x
3 with k ∈ Z. With
an integration by parts and ε3012 = −1, the 4d variation according to the U(1)3A anomaly is
∆WS4d = −
(
N2 − 1) ∫
R3
k
B ∧ dB
12pi
. (3.19)
As before, these large gauge transformations are represented in the EFT by shifting W by
2pik
L . In order to properly match this in the EFT, we need to integrate out the remaining
massless Cartan (Kaluza-Klein zero modes) fermions. In calculating (3.1), we did not integrate
out the zero modes of the fermions in the Cartan subalgebra, since they only have mass
from the background holonomy, W , which could be taken arbitrarily small. However, when
considering shifts of W of order 2piL , these fermions cannot remain low mass and therefore
must be integrated out. Moreover, the large gauge transformation rearranges the Kaluza-
Klein momentum modes of the fermion fields, so they must all play a role in matching the
anomaly.
26Integer-valued terms are not relevant to the matching of the anomaly under small R3-dependent transfor-
mations. It is easy to check that χ(|W |) vanishes at W = 0 and is continuous around W = 0.
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Including these extra fermions, as shown in Appendix A.6.1, results in the B ∧ dB term
in (3.1) being replaced by
sign(W )
4pi
(N2 − 1) 2
3
L |W |
2pi
− (N − 1)
(
1
2
+
⌊
L |W |
2pi
⌋)
−
∑
β∈β+
n(mβ,W )
B∧dB , (3.20)
where the contribution of the Cartan KK zero modes is the (N − 1)12 factor in the second
term. Notice that under ∆WW = 2pikL we have
∆W sign(W )
(
1
2
+
⌊
L |W |
2pi
⌋)
= k , (3.21)
and that the 12 term is necessary for this shift in the case that W changes sign; this is how
we can see the importance of integrating out all the fermions. Equipped with this identity
and eq. (3.3), we can see that the whole term shifts as
1
4pi
∫
R3
B ∧ dB
[(
N2 − 1) 2
3
k − (N − 1)k −
(
N2 −N
2
)
2k
]
= − (N2 − 1) ∫
R3
k
B ∧ dB
12pi
.
(3.22)
This matches exactly with the variation of the 4d action (3.19).
More comments on the matching of the U(1)3A anomaly are in Section 3.2.1, pertaining
to a theory where U(1)A is a genuine anomaly free global symmetry.
Summary of Section 3.1: The main result of this Section are the topological terms shown
in (3.1), whose calculation is presented in detail in Appendix A. These terms are induced by
integrating out the KK modes of both the non-Cartan and Cartan fields. Here, we showed
that the anomalies of the global symmetries in 4d and in the EFT on the Coulomb branch,
governing distances greater than LN on R3 × S1, match as expected. The matching of the
’t Hooft anomalies of all symmetries (continuous, discrete, and 1-form), except those under
large U(1)A transformations, is due to the local background-field dependent terms of our Ladj
of eq. (3.1).
On the other hand, the matching of anomalies under large U(1)A transformations can
not be achieved by the local terms given in Ladj . The Cartan fields, charged under U(1)A
must then also be integrated out. That this is so can be understood from the nature of
such transformations, which mix fields in the EFT with heavy KK modes. In general match-
ing anomalies of large U(1)A transformations should not be expected from a purely EFT
perspective.27
27We showed that the mixed U(1)A-gauge anomaly under large U(1)A gauge transformations is matched by
the local terms already present in (3.1). In the Cartan subalgebra EFT, this is simply because the Cartan
modes have no U(1)N−1 charges. Nonetheless, even in this case, the large U(1)A involves a rearrangement of
the KK modes of the Cartan fermions.
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3.2 Topological terms from a Dirac fermion and A+ F theory anomalies
Next, we consider the contribution of a massless Dirac fermion to the topological terms in
the R3 × S1 EFT and the matching of various anomalies. The calculation of the topological
terms in Appendix B is done for a general representation R and for a generic point on the
Coulomb branch. For brevity, we limit our discussion here to the fundamental representation
and to the center symmetric point 〈~φ〉 = 0.28
In addition to a classical U(1)A symmetry, the Dirac fermion also has a vector U(1)V .
The corresponding background (2.14) consists of the R3 1-form, V = Vλdxλ, and a scalar,
µ+ V ′3 , where µ denotes the constant part and V ′3 the fluctuation of the S1-component of the
U(1)V gauge field. As our goal is to discuss the A+ F theory, we now take the U(1)A axial
charge of the Dirac fermion to be −N , so that the anomaly cancels that of the adjoint. The
U(1)V charge of the Dirac fermion can be taken to be unity, without loss of generality.
Performing a similar calculation to the adjoint case, with gauge invariant PV regulators
fields (see Appendix B), we find the following topological terms:
Lfund = −N
pi
B ∧ ~F ·
(
~φ′ +
~ρ
N
− ~wN
2
+
1
2
N∑
A=1
~νAn′(mA, NW )
)
+
Aa ∧ F b
4pi
N∑
A=1
sign(W )n(mA, NW )ν
A
a ν
A
b (3.23)
−N
2
4pi
B ∧ dB sign(W )
[
N2
4
3
L |W |
2pi
−
N∑
A=1
n(mA, NW )
]
−LN
2
2pi2
(
µ+ V ′3
)
B ∧ dV − N
2pi
B ∧ dV
N∑
A=1
(
n′(mA, NW )− 2
⌊
LmA
2pi
⌋
− 1
)
+
1
4pi
V ∧ dV
N∑
A=1
sign(W )n(mA, NW )
+
1
2pi
Aa ∧ dV
N∑
A=1
sign(W )n(mA, NW )νAa .
We stress again that, for brevity, we set 〈~φ〉 = 0, assumed that N is even, and that µ is
infinitesimal—all reflected in the presence of the N/2-th fundamental weight in the first line
above. A general expression for an arbitrary representation R can be found in (B.4,B.5,B.17).
Here, mA = µ + 2piL
~ρ·~νA
N , i.e. it is defined the same way as mβ in (3.3), but with the adjoint
representation weight β replaced by the A-th weight of the fundamental, ~νA, and shifted by
the U(1)V holonomy µ (see also (B.5)). The holonomy µ is chosen such that there are no
28This is only made for brevity of the presentation. The fact that 〈~φ〉 = 0 and µ = 0 was used to obtain
the ~wN
2
term in (3.23)—as we shall see later, it is the N
2
-th monopole-instanton where the fundamental zero
modes are localized. When 〈~φ〉 6= 0, the fundamental zero mode can shift to other monopole instantons and
~wN/2 has to be replaced by the appropriate one, see Appendix B.2 and [46].
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massless components of the fundamental fermions at the chosen point on the Coulomb branch
(here, the center-symmetric one). The functions n(mA, NW ) and n′(mA, NW ) are as defined
in (3.3) and obey (3.4) and (3.5). One can show, like we did in the adjoint case, that this
local Lagrangian matches all anomalies of the U(1)A,V symmetries of the fundamental Dirac
theory, inlcluding those under large gauge transforms (as all components of the Dirac fermion
are massive). We leave this straightforward exercise for the reader. We shall provide more
detail on anomaly matching in the framework of the A+ F theory below.
Now, we add Ladj to Lfund, (3.1) and (3.23), respectively, to obtain the following topo-
logical terms for the theory with a massless fundamental and a massless adjoint:
Lf+a = − 1
pi
B ∧ ~F ·
(
~ρ−N ~wN
2
)
(3.24)
+
Aa ∧ F b
4pi
 N∑
A=1
sign(W )n(mA, NW )ν
A
a ν
A
b −
∑
β+
sign(W )n(mβ,W )βaβb

− 1
2pi
B ∧ ~F ·
 N∑
A=1
N~νAn′(mA, NW )−
∑
β+
~βn′(mβ,W )

− 1
4pi
B ∧ dB sign(W ) (2N4 −N2 + 1) 2
3
L |W |
2pi
+
1
4pi
B ∧ dB sign(W )
N2 N∑
A=1
n(mA, NW )−
∑
β∈β+
n(mβ,W )− (N − 1)
⌊
L |W |
2pi
⌋
−LN
2
2pi2
(
µ+ V ′3
)
B ∧ dV − N
2pi
B ∧ dV
N∑
A=1
(
n′(mA, NW )− 2
⌊
LmA
2pi
⌋
− 1
)
+
1
4pi
V ∧ dV
N∑
A=1
sign(W )n(mA, NW )
+
1
2pi
Aa ∧ dV
N∑
A=1
sign(W )n(mA, NW )νAa .
Eq. (3.24) reflects the symmetries of the A + F theory. First, the effective lagrangian is
gauge invariant, as we used a gauge invariant regulator in the computation. Next, we notice
that the continuously varying terms proportional to ~φ′ cancel between the adjoint (3.1) and
fundamental (3.23) contributions. These continuously varying terms are the ones that show
the anomalous nature of the classical U(1)A symmetry of the adjoint theory, recall (3.11).
Likewise, we note that the term multiplying the U(1)N−1 Chern-Simons term is now periodic
in W with period 1, as follows from the shift properties of n from (3.4): the shifts, under
W →W + 2piL of the two terms multiplying A ∧ F cancel, yet again reflecting the absence of
an anomaly in the U(1)A symmetry.
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3.2.1 Matching the U(1)3A anomaly
The matching of the U(1)3A anomaly under R3-dependent small gauge transformations is
reflected in the term −2N4−N2+16pi
LB′3
2pi B ∧ dB, where we used the notation from (3.15, 2.14).
The matching follows from the already discussed U(1)3A anomaly matching for the adjoint
theory, in addition to the fact that coefficient of this term precisely equals the contribution
of N2 − 1 components of the adjoint, of charge 1, and the 2N Weyl components of the
fundamental, of charge −N . It is easy to see that the anomaly under large U(1)A transforms,
W → W + 2piL , only matches if the Kaluza-Klein zero-modes of the adjoint are included, as
explained at the end of Section 3.1 (and that it matches for the fundamental).
We now pause and remark on the locality of the term matching the cubic U(1)A anomaly
in the Coulomb branch EFT. On R4, it is well-known that anomalies can not be written as
the variation of local counterterms. Instead, an “ 1
k2
” IR singularity, associated with massless
particles [24–26], is necessarily present in the three-point function of the anomalous currents,
corresponding to a nonlocal term in the effective action. To contrast this with our R3 × S1
case, we recall from (2.13) that B′3 is the fluctuation of B3, and write the local term matching
the (U(1)A)3 anomaly in our EFT, dropping the overall constant, as
∫
R3
B3LB ∧ dB. For
the background (2.13), this can be also rewritten as
∫
R3×S1
d4x B3 
µνλBµ∂νBλ, showing that
this term is not 4d Lorentz invariant, even at large S1—an attempt to antisymmetrize all 4d
indices would make it vanish. The local and 3d Lorentz invariant term B′3B ∧ dB matches
the anomaly under the restricted set of U(1)A gauge transformations in R3, δBµ ∼ ∂µω. We
note that this cubic anomaly matching by local terms is also discussed in [27].
3.2.2 Matching the U(1)AU(1)2V anomaly
Dirac fermions also have a global U(1)V symmetry which participates in a mixed ’t Hooft
anomaly with the classical U(1)A symmetry we have been exploring. If we introduce a back-
ground gauge field, VM , for the U(1)V symmetry and perform a U(1)A transformation of the
form ∆ωB = dω, we know that the 4d action shifts by
∆ωS4d =
N2
4pi2
∫
R3×S1
ωdV4d ∧ dV4d, V4d = V + (µ+ V ′3)dx3 . (3.25)
Adding the U(1)V field led to more topological terms in the EFT, the last three lines in (3.24).
The B ∧ dV and V ∧ dV terms in (3.24) reflect this mixed anomaly (small and large axial
transformations, respectively).
For the small gauge transformations on R3, we apply ∆ωB = dω. After an integration
by parts, in the (µ+ V ′3)B ∧ dV term in (3.24), we obtain
LN2
2pi2
∫
R3
ωdV ′3 ∧ dV , (3.26)
precisely the variation we get from integrating the 4d anomaly from eq. (3.25) around the
S1.
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The large U(1)A gauge transformations shift W by 2pikL for some integer k. These shifts
affect the last two terms of eq. (3.24), according to eq. (3.4), to give a total shift of
1
4pi
V ∧ dV
N∑
A=1
2Nk +
1
2pi
Aa ∧ dV
N∑
A=1
2NkνAa . (3.27)
The latter term vanishes due to the fact that
∑N
A=1 ν
A
a = 0, while the former term simplifies
to
N2
2pi
k V ∧ dV . (3.28)
The 4d anomaly in this case, after an integration by parts, gives a shift of
−N
2
4pi2
∫
R3×S1
dω ∧ V ∧ dV = N
2
2pi
k
∫
R3
V ∧ dV (3.29)
Here we used the facts that
∮
S1 dω = 2pik and that ε
3012 = −1. Thus, the U(1)AU(1)2V
anomaly of the R4 theory (3.29) is fully matched by the variation (3.28) of the new terms of
eq. (3.24).
4 Topological terms in the magnetic dual EFT
In Section 3, we discussed the “kinematics” of anomaly matching in the electric theory, ob-
tained after integrating out the heavy non-Cartan and Kaluza-Klein degrees of freedom on
R3×S1. The main result of that Section are the topological terms, Ladj of (3.1), and Lf+a of
eq. (3.24), which should be added to the free IR Lagrangian LIR,kinetic of (2.3). We showed
that these local topological terms represent the ’t Hooft anomalies of the R4 theory in the
Coulomb branch EFT.
The most interesting dynamical aspect of the circle-compactified theories, however, has
not been yet touched upon: the nonperturbative effects that determine the true IR dynamics.
These effects make the IR look rather different from the free theory (2.3). The nonperturbative
semiclassical effects on R3× S1 are understood to various degrees of detail, depending on the
theory under consideration, and we shall not review them here; see [5] for references. The
main point of essence to us is that the description of the nonperturbative IR effects requires
another EFT, magnetically dual to (2.3).
In this Section, we shall study how the topological terms and corresponding anomalies
are reflected in the magnetic dual EFTs on the Coulomb branch. As our focus shifts from
kinematics to dynamics, we shall dispose of some of the background fields we turned on
to study anomalies. In particular, as noted in Footnote 18, turning on a Wilson line for
U(1)A can drastically change the dynamics, in a manner that has not been yet understood
in detail. Thus, from now on we set the expectation value of the U(1)A holonomy W = 0.
Since the functions n and n′ now both vanish, this “kills” many terms in (3.1) and (3.24),
making theese expressions more manageable. We now discuss the magnetic dual and the
corresponding coupling of the background fields in the SYM and A+ F theories.
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4.1 Topological terms in the magnetic A+ F EFT, U(1)A-breaking and anomaly
It turns out that it is easier to begin with a discussion of the magnetic dual of the A + F
theory. From the many terms in (3.24), the only remaining ones are29
Lf+a = (4.1)
− 1
pi
B ∧ ~F ·
(
~ρ−N ~wN
2
)
− LN
2
2pi2
V ′3 B ∧ dV −
2N4 −N2 + 1
6pi
LB′3
2pi
B ∧ dB.
As already noted, in contrast to the adjoint theory, the coefficient of the B ∧ F term in the
A + F theory is constant, rather than a field-dependent quantity ∼ ~φ′. This reflects the
fact that U(1)A is anomaly free in the UV theory and hence it is preserved in the IR theory
obtained after integrating out the heavy non-Cartan fields. We also remind the reader that
V ′3 and B′3 above are proportional to the xµ-dependent fluctuations of the x3-components of
the U(1)V and U(1)A background gauge fields, introduced in (2.14) and (2.13).
For the following discussion, the presence of the constant B∧F term in (4.1) is of utmost
importance. It implies that the U(1)A current in the EFT has a topological contribution,
∼ µνλF νλ, in addition to the contribution of the massless Cartan fermions ~ψ from (2.3)
which are charged under U(1)A. Next, we recall our discussion in Section 2.2. In the IR-
free U(1)N−1 3d theory of the Cartan photons, there are 0-form “magnetic center” U(1)N−1
symmetries, whose conserved currents are ~jµ = µνλ ~F νλ. Background gauge fields ~a for these
symmetries thus couple to the electric gauge fields via CS terms of the form a ∧ F . The
heavy-fermion generated BF term from (4.1), − 1piB ∧ ~F ·
(
~ρ−N ~wN
2
)
, induces an embedding
of the U(1)A summetry of the UV theory into the magnetic center of the IR theory. The
vector ~ρ−N ~wN
2
fixes the direction of embedding.30
After a duality transformation, the constant BF term implies that the dual photons shift,
as they normally do under magnetic U(1) symmetries, under a U(1)A transformation with
parameter ω, with the direction of the shift specified by the constant BF coupling from (3.24).
Let us see this in detail for the present case. We have, from (2.3), (3.24), the part of the EFT
Lagrangian containing the gauge and U(1)A fields
L(~F , ~σ,B) = − L
4g2
~Fµν · ~Fµν − 1
2pi
λµνBλ ~Fµν ·
(
~ρ−N ~wN
2
)
+
1
4pi
λµν~σ · ∂λ ~Fµν . (4.2)
We can think of the ~σ field as a Lagrange multiplier field enforcing the Bianchi identity for
F , where the last term implies that the periodicity of ~σ is in the weight lattice of SU(N),
~σ ≡ ~σ+2pi ~wkck, ck ∈ Z. Conversely, integrating out ~Fµν , we have for the saddle point solution
that we denote by ~F 0µν :
~F 0µν = −
g2
2piL
µνλ
[
∂λ~σ + 2Bλ(~ρ−N ~wN
2
)
]
. (4.3)
29Assuming even N , µ = 0, and center symmetric gauge holonomy, making the integer-valued contribution
to the B ∧ dV term in (3.24) vanish.
30As mentioned above and discussed in detail in Appendix B.2, the direction of this embedding depends on
the point on the Coulomb branch and other background holonomies being considered.
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Substituting (4.3) back in (4.2), the IR lagrangian after a duality transform is
L(~σ,B) =
L
4g2
~F 0µν · ~Fµν 0 (4.4)
=
g2
8pi2L
[∂λ~σ + 2Bλ(~ρ−N ~wN
2
)] · [∂λ~σ + 2Bλ(~ρ−N ~wN
2
)] .
Most importantly, the U(1)A invariance of this Lagrangian implies a the shift of the dual
photon field under the U(1)A:
Bµ → Bµ + ∂µω ,
~σ → ~σ − 2ω(~ρ−N ~wN
2
) . (4.5)
The relevance of the loop-induced BF term to determining the transformation properties of
the dual photon under the U(1) is identical to how it has been argued to work in R3 theories,
where the U(1) symmetry also does not suffer from an anomaly [23]. To the best of our
knowledge, a calculation and a description of the role of the one-loop BF terms due to the
heavy fermions on R3 × S1 has not yet been given in the literature.
The perturbative contributions to the magnetic dual EFT lagrangian is thus given by
(4.4), supplemented by the kinetic terms for the Cartan fermions ~ψ from (2.3). Depending
on whether we consider scales above or below m~φ ∼ g
√
NmW (recall Section 2.2), we can
include the ~φ fields’ kinetic term from (2.3) as well as their “GPY” potential, see [3, 4]. The
background field dependent local terms from (4.1), ∼ V ′3 V ∧ dV,B′3 B ∧ dB, that match the
various U(1)V/A anomalies should also be included.
As discussed above, the electric and magnetic perturbative lagrangians are equivalent
and which one is used is a matter of choice. However, the IR physics is not captured correctly
unless one adds the contribution of nonperturbative effects. To leading order in semiclassics
they are due to the N monopole instantons on Coulomb branch of the SU(N) theory on
R3 × S1, see [39] and references therein. The description of these nonperturbative effects is
only local in the magnetic dual language.
There are N monopole instantons labeled by the simple and affine roots of SU(N), which
we shall collectively label by ~αA, A = 1, ..., N , where αN = −(α1 + ... + αN−1) is the affine
root. In the long distance theory, they create local ’t Hooft vertices. Their effect can be
summarized in the following nonperturbative Lagrangian:31
La+fn.p. = (4.6)
e
− 8pi2
g2N
L
Re
∑
A 6=N
2
ei~αA·σ(~ψ · ~αA)2 + ei~αN2 ·~σ (~ψ · ~αN
2
)2 L2θθ˜
+ e− 16pi
2
g2N
L3
Vˆbion(~σ).
31The ’t Hooft vertices are given up to overall dimensionless and g2-dependent constants inessential for us.
We have also written them at the center-symmetric point, i.e. we have integrated out ~φ. We note that the
’t Hooft vertex involving the fundamental Dirac fermion θ, θ˜ should really be integrated out, since it involves
heavy fields with mass of order 1/L; it is left in the EFT only to show consistency with the symmetry (4.5).
A detailed discussion in a related case is in [48].
– 25 –
The parameter of the nonperturbative semiclassical expansion is e−
8pi2
g2N and we have not
explicitly written the second order term, the potential for the dual photons generated by
magnetic bions, the dimensionless function Vˆbion(~σ); see Footnote 32 and [21]. The presence
of fermions in the ’t Hooft vertex is due to the fact that the monopole instantons have
fermion zero modes. Every monopole instanton has two adjoint zero modes, proportional to
~ψ ·~αA, and only the N2 -th monopole-instanton has fundamental zero modes, one for each Weyl
component, θ˜, θ, of the Dirac fermion [46].
As per (A.1), ~ψ are the adjoint fermions’ Cartan components (with 3d canonical dimen-
sion) transforming as ~ψ → eiω ~ψ under U(1)A. Likewise, θ and θ˜ are the two-component
Weyl fermions comprising the 4d fundamental Dirac fermion (this four component fermion is
denoted by θki in (B.1)) of axial charge −N . Thus, under U(1)A, θ → e−iNωθ, and similar for
θ˜. Combining the U(1)A transformations of ~ψ, θ, θ˜, with the U(1)A shift of the dual photon
(4.5), ~σ → ~σ−2ω(~ρ−N ~wN
2
), and using the identities ~αA ·~ρ = 1−NδAN , ~αA · ~wN
2
= δAN
2
−δAN ,
it is straightforward to see that the nonperturbative terms in (4.6) with fermion zero modes
are invariant.
The magnetic bion induced potential also inherits the shift symmetry of ~σ. We shall
not dwell on the dynamics behind magnetic bions that generate Vbion, see [1, 2, 49] for a
discussion of bions and [21] for this mixed-representation theory.32 Even without the details,
it is clear that, barring a symmetry reason, all components of the ~σ fields will obtain mass from
Vˆbion, except for a single component along the ~ρ − N ~wN
2
direction, which remains massless
due to the U(1)A shift symmetry (4.5). We shall simply call this field σ, defining it by
~σ|massless = 2(~ρ − N ~wN
2
)σ. Then, the deep-IR (governing dynamics below any mass scale)
theory is that of a massless σ, σ → σ − ω under U(1)A, coupled to the background fields for
U(1)A and U(1)V :
Lf+adeep IR =
g2c
2pi2L
|dσ +B|2 − LN
2
2pi2
V ′3 B ∧ dV −
2N4 −N2 + 1
6pi
LB′3
2pi
B ∧ dB + . . . (4.7)
where . . . denote higher-dimensional derivative terms involving the Goldstone field σ and we
defined c = |~ρ−N ~wN
2
|2.
The fact that the dual photon is a Goldstone boson has been known since [22], in the
context of R3-theories. Here, this phenomenon emerges in a 4d context in circle compact-
ification. In the long-distance theory, the U(1)A breaking can be viewed as arising from
magnetic bion effects, with Vˆbion having a flat direction along the σ direction. However, the
Goldstone field here does not participate in the matching of the U(1)3A anomaly (by coupling
to a Wess-Zumino term, as in the chiral lagrangian of QCD, or, for the theory at hand, the
chiral lagrangian in the U(1)A-broken phase of the 4d A + F theory). Instead, the cubic
U(1)A (as well as the mixed U(1)AU(1)2V ) anomaly is matched by the purely local term (4.7)
32Briefly, as opposed to QCD(adj), here there are only N − 2 magnetic bions: Vˆbion is of the form∑
A 6={N
2
,N
2
−1}Re(e
i(~αA−~αA+1)·~σ), with N + 1 ≡ 1. Explicitly, one can see that this gives mass to N − 2
of the dual photons, leaving one field massless, due to the shift symmetry.
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depending on background fields only and induced by integrating out the heavy fermions along
the Coulomb branch of the circle compactified theory.
We also note that the last two terms in (4.7) can be cast into the form of Wess-Zumino
terms upon replacing B ∧ dV → dσ ∧ dV and B ∧ dB → dσ ∧ dB, since the transformation
of the background B and dynamical dσ are identical. These terms then would have the
form of the Wess-Zumino coupling of a Goldstone boson in 4d, dimensionally reduced to 3d.
However, it is the local, background-field-only dependent form (4.7) of these terms that arises
upon integrating out the fundamental. We stress that integrating out the fundamental and
adjoint fermion KK modes, which lead to these local terms in (4.7), is consistent in the EFT
framework. The dynamics leading to the formation of the magnetic bions generating the
potential for ~σ does not involve KK mode exchanges—bions are due solely to the monopole-
instantons with only adjoint zero modes, whose exchange is calculable within the EFT.
4.2 Topological terms in the magnetic dual SYM EFT
The main differences between SYM and the A+ F theory discussed above involve subtleties
associated with the explicit breaking U(1)A → Z(0)2N by the anomaly. In addition, SYM has a
1-form Z(1)N symmetry with a (new) mixed anomaly with the chiral symmetry, whose matching
in the calculable dynamics we aim to understand in explicit detail.
Proceeding as in Section 4.1, we set the expectation value of the U(1)A holonomyW = 0,
and find that the topological terms generated by integrating the non-Cartan and Kaluza-Klein
modes of the adjoint fermion (3.1) become
Ladj =
N
pi
B ∧ ~F ·
(
〈~φ〉+ ~φ′
)
+
N2 − 1
6pi
LB′3
2pi
B ∧ dB . (4.8)
We momentarily retained the xµ-dependent fluctuation B′3 of the U(1)A background B3 (de-
fined in (3.15)), which enters the term capturing the cubic Z(0)2N anomaly. As this term depends
on the background fields only, we shall ignore it in our subsequent discussion of dynamics;
the matching of this cubic anomaly is then similar to the matching of U(1)3A discussed at the
end of Section 4.1.33
To study the matching of anomalies, we want to introduce background fields for Z(0)2N
and Z(1)N in the magnetic dual Lagrangian on the Coulomb branch of SYM. In order for the
presentation to be less crowded, we consider turning on these backgrounds one by one.
33With all the subtleties related to replacing the U(1)A gauge field by a Z(0)2N one. We only offer a brief
comment, related to our introduction of a Z2N continuum gauge field by replacing B with B(1) defined in (4.9).
One might be then tempted to conclude that (4.9) implies that
∮
dB(1) = 0 and the cubic Z2N anomaly can
not be seen from (4.8). However, with b(0) the phase of a charge-2N Higgs field, as discussed in Section 4.2.1,
one can introduce (in addition to codimension-1 defects with the b(0) phase changing by 2pi upon crossing
them, ensuring
∮
B(1) = 2pi
2N
) also monodromy defects where the the Higgs vev vanishes and where dB(1) 6= 0.
See [50] for details; for us, it is important to note that the B(1) field obeys
∮
B(1) = 2pi
2N
and
∮
dB(1) = 2piZ
on appropriate cycles, i.e. it is “almost” flat, with its curvature integrating to 2pi on closed cycles. With such
backgroundss, the cubic Z2N anomaly can be inferred from (4.8). We also note that ultimately, this requires
an underlying regularization, e.g. lattice. For a related discussion, see [47].
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4.2.1 Turning on background gauge fields for the Z(0)2N chiral symmetry
To restrict the U(1)A field to a Z
(0)
2N field, we shall use the continuum formalism for Z2N gauge
fields [43]. Thus, we consider a pair of a 1-form, B(1) = B, the field appearing in (4.8), and
0-form, b(0), fields, obeying
2NB(1) = db(0) (4.9)
with transformation laws B(1) → dω(0), b(0) → 2Nω(0), where ω(0) has quantized periods,∮
dω(0) = 2piZ over closed 1-cycles (one can think of R3 compactified on, e.g. a large three
torus). The gauge fields also have normalized integrals over closed one-cycles,
∮
B(1) = 2piZ2N
and
∮
db(0) = 2piZ.
Intuitively, one can think of the 0-form part b(0) of the 1-form Z2N gauge field (B(1), b(0)) in
(4.9) as the phase of a charge-2N (under the U(1) gauge field B(1)) field Higgsing U(1)→ Z2N .
In the IR, below the Higgsing scale, this leads to the above continuum description of a Z2N
gauge theory. Thus, a 2pi shift of b(0) represents an unbroken Z2N gauge transformation. On
the other hand, the gauge invariant object e
i
∮
C
B(1)
= ei
2piZ
2N , with C a closed loop, represents a
Z2N -gauge field Wilson line; it can be thought of as a product of Z2N -valued link fields along
the closed loop, as naturally occur in the lattice formulation of the theory.
Further, we replace B = B(1) = db
(0)
2N in (4.8), integrate by parts, and add the kinetic
terms for the Cartan photons and ~φ from (2.3) to obtain, as we did near (4.2):
L(F, σ,B, φ) = (4.10)
− L
4g2
~Fµν · ~Fµν − 1
4pi
b(0) λµν ~Fµν · ∂λ~φ+ 1
4pi
λµν~σ · ∂λ ~Fµν + 2pi
2
g2L
∂µ~φ · ∂µ~φ .
We notice that this lagrangian (or, rather ei
∮
L) is invariant under ω = 2piZ shifts of b(0),
b(0) → b(0) + 2pik, k ∈ Z, provided the SU(N) quantization conditions for F and dφ′ (both
periods are in the root lattice) are obeyed. The upshot is that introducing background
gauge fields for the Z(0)2N discrete chiral symmetry in SYM amounts to the introduction of
a background theta angle b(0) and that Z(0)2N transformations correspond to 2pi shifts of this
theta angle, consistent with our interpretation of b(0) after (4.9).34
Proceeding with the duality, now from (4.10), we find, instead of (4.3), the saddle point
value ~F 0µν :
~F 0µν = −
g2
2piL
µνλ
[
∂λ~σ + b(0) ∂λ~φ
]
, (4.11)
and a bosonic kinetic term in the dual theory, instead of (4.4),
L(~σ,B, φ) = (4.12)
g2
8pi2L
[∂λ~σ + b
(0)∂λ~φ] · [∂λ~σ + b(0)∂λ~φ] + 2pi
2
g2L
∂µ~φ · ∂µ~φ .
34We note that (4.10) could be obtained more directly as follows. One can introduce a background b(0)
derivatively coupled in the kinetic terms of the 4d fermion lagrangian. Then, redefining the fermions by a
ei
b(0)
2N phase gives rise to the theta term in (4.10) and to an IR theory of Z(0)2N -invariant fermions.
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Since (4.10) is Z(0)2N invariant, we find that under Z
(0)
2N shifts of b
(0), the dual photon shifts as
Z(0)2N : b
(0) → b(0) + 2pi,
~σ → ~σ − 2pi~φ . (4.13)
Let us now discuss how ’t Hooft vertices for monopole instantons are consistent with the
Z(0)2N shifts of b
(0) and ~σ. For the subsequent discussion, it is convenient (in fact, necessary,
due to the form the ’t Hooft vertex, see (4.16) below) to include the center symmetric vev
back into the definition of the scalar (2.1). Thus, we define
~ϕ ≡ ~ρ
N
+ ~φ =
L ~A3
2pi
. (4.14)
Since ~ϕ and ~φ differ by a constant shift, the effective kinetic Lagrangian (4.12) for ~ϕ is
obtained by replacing ~φ → ~ϕ, i.e. the derivative term for ~σ now reads ∂λ~σ + b(0)∂λ~ϕ. It is
also consistent to replace the transformation of ~σ (4.13) (this is, in fact, necessary, to ensure
invariance of the ’t Hooft vertex (4.16)) with
Z(0)2N : b
(0) → b(0) + 2pi,
~σ → ~σ − 2pi~ϕ. (4.15)
In the presence of a background theta angle, the bosonic factor in the ’t Hooft vertex of the
A-th monopole-instanton is proportional to
e
− 8pi2
g2
δAN e
− 8pi2
g2
~αA·~ϕ+i~αA·(~σ+b(0)~ϕ) . (4.16)
This form was obtained already in ref. [39],35 which kept an explicit θ dependence in the
massless theory. A quick argument in favour of the combination ~σ + b(0)~ϕ appearing in the
exponent of the ’t Hooft vertex is that it is needed to correctly reproduce long-range monopole-
instanton interactions via the ~σ and ~ϕ propagators from (4.12). Clearly, the bosonic ’t Hooft
vertex factor (4.16) is invariant under the Z(0)2N shift of b
(0) and ~σ of (4.15).36
As for the fermionic part of the ’t Hooft vertex, we offer two points of view. Recall that
fermion zero modes in monopole-instanton backgrounds multiply the ’t Hooft factors (4.16)
35We stress that, when comparing with that reference, the reader should be mindful of Footnote 9.
36In passing, we note that the factor (4.16) should be used in the bosonic dYM at nonvanishing θ angle,
upon replacing b(0) → θ and with an additional multiplicative factor eiθδAN included, whenever the theory
is studied at length scales above m~φ. Explicitly, the dYM ’t Hooft vertex of the A-th monopole instanton is
proportional to
e
(− 8pi2
g2
+iθ)δAN e
− 8pi2
g2
~αA·~ϕ+i~αA·(~σ+θ~ϕ)
This ensures that the effective theory incorporating monopole-instanton vertices retains invariance under 2pi
shifts of the θ angle, governed by eq. (4.15), also at scales where fluctuations of ~ϕ are relevant. The usual form
of the monopole-instanton vertex used in dYM, which is the same for all A = 1, . . . , N [3, 51] is obtained from
(4.16) after integrating out ~ϕ, by (to leading order) substituting its vev ~ρ
N
and using ~αA · ~ρ = 1−NδAN . We
stress that, as opposed to dYM, in SYM there is no energy range where one can integrate out ~ϕ but keep ~σ,
hence we are forced to consider the form (4.16).
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by (~αA · ~ψ)2, as in the terms with two adjoint zero modes in (4.6). Clearly, to be consistent
with (4.15), the fermion zero mode insertions have to separately be Z(0)2N -invariant. If we
view our effective theory along the lines of footnote 34, the fermions ~ψ are already chirally
invariant. Alternatively, if we follow our integration of KK modes and non-Cartan fields in
the original Z(0)2N -variant fermion basis (as in Appendix A), the fermion zero-mode insertions
should be e−i
b(0)
N (~αA · ~ψ)2 instead, with the exponential factors obtained after solving for the
Dirac zero-modes in the combined monopole-instanton and b(0) background.
In the next Section, we turn on a background for the center symmetry. Then, one can
use the ’t Hooft vertex (4.16) and the remarks of this and the following Sections to write the
complete Lagrangian for the SYM Coulomb branch EFT in the global symmetry backgrounds.
4.2.2 Turning on background gauge fields for the center and chiral symmetries
We now proceed to turning on the center symmetry backgrounds. We follow the formalism
of [43] and the recent work on gauging center symmetry in dYM [15]. The 4d theory 1-form
electric center symmetry, when reduced on S1, splits into a 3d 1-form Z(1)N , eqns. (2.4, 2.5)
and 0-form ZS1N symmetries, eqn. (2.9), as per our discussion at the end of Section 2.2.
To gauge these symmetries, we introduce two pairs (C(2), C(1))—a 2-form field gauging
Z(1)N , and (D
(1), D(0))—a 1-form field gauging ZS1N . These obey the relations and transforma-
tion laws
Z(1)N : NC
(2) = dC(1), δC(2) = dλ(1), δC(1) = Nλ(1), (4.17)
ZS
1
N : ND
(1) = dD(0), δD(1) = dλ(0), δD(0) = Nλ(0),
with λ(1) and λ(0) the 1-form and 0-form transformation parameters. Notice that the fields
gauging the 0-form center ZS1N transform are similar to the ones gauging the chiral Z
(0)
2N of
eq. (4.9) and obey similar conditions when integrated over closed 1-cycles,
∮
D(1) = 2piZN ,∮
dD(0) = 2piZ. Likewise, when integrated over closed 2-cycles, the 2-form ZN gauge field
obeys
∮
C(2) = 2piZN ,
∮
dC(1) = 2piZ. We now want to couple these fields to the point and line
operators charged under the 1-form and 0-form center symmetries, respectively.
The action of the global Z(1)N and Z
S1
N 1-form and 0-form center symmetries was discussed
in Section 2.2, in a manner that used an embedding of these symmetries into the U(1)N−1
emergent center symmetry of the Coulomb-branch EFT, used earlier in [15, 32]. Here, we
shall revert to the description in terms of an embedding in U(N). This has an advantage of a
more transparent action of the center symmetries, especially when the full SYM lagrangian is
considered. The gauging of the center symmetry in the UV SU(N) theory in the continuum
is also described by an U(N) embedding.
To establish notation we embed SU(N) into U(N) whose Cartan generators we take to
be the N×N matrices HˆA with matrix elements (HˆA)BC = δABδBC . In the Coulomb branch
theory, we have U(N) → U(1)N , and the N × N matrix valued Cartan gauge field is then
Aˆ = ABHˆ
B, where a sum over B = 1 . . . N is understood. On the other hand, the SU(N)
Cartan matrices are Ha, a = 1, . . . , N − 1, with (Ha)BC = νaBδBC , obeying trHaHb = δab.
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We add an extra generator H0, (H0)BC = 1√N δBC , obeying trH
0Ha = 0 and trH0H0 = 1,
and have the relation ABHˆB = ~A · ~H + A0H0. More explicitly, from the above definitions,
the relation between the U(1)N Cartan fields and the physical N − 1 fields that were used so
far in the paper (and denoted by Aa or ~A):
AB =
N−1∑
a=1
νaBA
a +
1√
N
A0 = ~νB · ~A+ 1√
N
A0 ,
~A =
N∑
B=1
AB~νB , A0 =
1√
N
N∑
B=1
AB , (4.18)
where deriving the last two equations used
N∑
B=1
νaBν
b
B = δ
ab, and
N∑
B=1
~νB = 0. The relations of
~F , F0 to FA are obtained from (4.18) by replacing A with F .
The Z(1)N 1-form center symmetry acts on the U(1)
N fields
Z(1)N : Aˆ→ Aˆ+ λ(1) , (4.19)
where λ(1) is a 1-form with quantized periods (
∮
dλ(1) = 2piZ). As we are gauging the center
symmetry, we do not require that λ(1) be closed, as opposed to our earlier discussion (2.4),
where we also imposed (2.5). The trace of the k-th power of the fundamental Wilson loop
trW k = tr e
ik
∮
C
ABHˆ
B
=
N∑
B=1
e
ik
∮
C
AB
, under Z(1)N : trW
k → e
ik
∮
C
λ(1)
trW k , (4.20)
is not invariant under Z(1)N . To remedy this, we attach a surface operator (if C is noncon-
tractible, S has to end on another Wilson loop)
trW k e
−ik ∫
S,∂S=C
C(2)
. (4.21)
The C(2) transformation law of (4.17) along with (4.20) ensures that the operator (4.21) is
invariant under the gauged center symmetry. As we have enlarged the gauge group of the EFT
to U(1)N , we impose a gauge and 1-form center invariant constraint on the field strengths of
the U(1)N gauge fields AB, FB = dAB, which we write, for now, as a delta function in the
path integral,
δ(
N∑
B=1
FB −NC(2)) . (4.22)
This constraint descends from the corresponding constraint in the U(N) UV theory to the
EFT upon integrating out the massive off-diagonal gauge bosons.37
37We note that one often works with a local solution of the constraint (4.22), identifying A0 = C
(1)√
N
, or
AB = ~νB · ~A + C(1)N , as follows from (4.18). Our goal is, however, to perform a duality transformation and
integrate over the electric variables in the path integral. Thus, we do not make such an identification.
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Relation to global Z(1)N of Section 2.2: Before we continue, it is instructive to consider the
relation between the gauged Z(1)N transformations considered here and the global ones of Section 2.2.
The global limit of (4.19) consists of taking a closed 1-form parameter, λ(1) = (1), d(1) = 0, with∮
C
(1) = 2piN , as in (2.4,2.5). Consider now the global Z
(1)
N transformation of (2.4), ~A → ~A −N ~w1(1).
Using (4.18), we rewrite (2.4) as AB → AB + (1) − δB1N(1). This is the same as (4.19) with
λ(1) = (1), except for the shift of A1 by the closed form −N(1). This shift of A1 integrates to 2pi over
noncontractible loops C and does not affect any Wilson loops, hence it is not part of the emergent
center symmetry on the Coulomb branch. Its effect is that of a large gauge transformation (along the
noncontractible loop C ∈ T 3) in the Hˆ1 direction of U(1)N . We conclude that reducing the global
limit of (4.19) to (2.4) requires an appropriate large gauge transformation in the unbroken group (a
similar interpretation holds for the 0-form part of the global center symmetries, (4.25) vs. (2.7), as
discussed below). The advantage of (4.19) is that it is valid throughout the RG flow and does not
require an embedding of Z(1)N in the emergent center symmetry, as in [15, 32].
Continuing with introducing gauge backgrounds for the 1-form center, the Z(1)N -invariant
kinetic terms of the U(1)N gauge bosons are
Lgauge = − L
4g2
N∑
B=1
(FB µν − C(2)µν )(FµνB − C(2) µν) . (4.23)
The relations (4.18) imply that this kinetic term is equivalent to the one for the ~F gauge field
from (2.3), while the kinetic term for F0 is trivial in the theory with gauged center symmetry.
The discussion for the scalars and the gauging of ZS1N is almost identical. Instead of the
N − 1 scalars ϕ of (4.14) we now have the N scalars ϕA, for which
ϕB =
N−1∑
a=1
νaBϕa +
1√
N
ϕ0 = ~νB · ~ϕ+ 1√
N
ϕ0 ,
~ϕ =
N∑
B=1
ϕB~νB , ϕ0 =
1√
N
N∑
B=1
ϕB. (4.24)
The scalars shift under ZS1N ,
ZS
1
N : ϕB → ϕB +
1
2pi
λ(0) , (4.25)
where, as opposed to (2.7), λ(0) now is not constant. Next, consider the trace of the k-th
power of the S1 holonomy
tr Ωk =
N∑
B=1
eik2piϕB , under ZS
1
N : tr Ω
k → eikλ(0) tr Ωk , (4.26)
and, similar to (4.20), is not invariant under the gauged ZS1N . To remedy this, we attach a
line operator, with the line ` ending on the operator (taken to be at x ∈ R3):
tr Ωk e
−ik ∫
`,∂`=x
D(1)
. (4.27)
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That the line operator (4.27) is invariant follows from the D(1) transformation (4.17). The
constraint in the path integral corresponding to (4.22) reads
δ(
N∑
B=1
dϕB − N
2pi
D(1)) . (4.28)
and the kinetic term for the holonomy scalars is
Lscalar =
2pi
g2L
N∑
B=1
(∂µϕB − 1
2pi
D(1)µ )(∂
µϕB − 1
2pi
D(1) µ) . (4.29)
Relation to global ZS1N of Section 2.2: Let us comment on the relation between the global
ZS1N transformation considered in Section 2.2, eqn. (2.7), and the gauged 0-form center transformation
(4.25), similar to our discussion of Z(1)N . In the ϕB basis, recalling (4.14) and using (4.24), we can
rewrite (2.7) as ϕB → ϕB + (0)2pi − δ1B N
(0)
2pi . This is the same as (4.25) with a constant parameter
λ(0) = (0) = 2piN , except for the integer shift of ϕ1. Since the fields have unit periodicity, ϕB ≡ ϕB + 1
(as is evident from (4.26)), this shift corresponds to an x3-dependent large gauge transformation in
the Hˆ1 direction of the unbroken U(1)N . Thus, in the global limit, the transformation (4.25) reduces
to (2.7) after an appropriate large gauge transformation.
The reader may further wonder about the image of the transformations (2.9) (which differ from
(2.7) by a Weyl group transformation) in the ϕB , AB variables. They are given by ϕB → ϕB−1(modN)+
(0)
2pi − δ1B N
(0)
2pi and AB → AB−1(modN). In other words, the additional cyclic Weyl transformation P
of (2.11) acts as a cyclic shift on ϕB , AB .
The chiral-symmetry background dependent term from (4.10), obtained by integrating out
the fermions is, using the relations (4.18):
Ltop. = −b
(0)
4pi
~Fµν
µνλ∂λ~φ (4.30)
= −b
(0)
4pi
[
N∑
B=1
FB µν
µνλ∂λϕB − 1
N
(
N∑
B=1
FB µν)
µνλ(
N∑
C=1
∂λϕC)
]
.
This loop-induced term is invariant under both Z(1)N and Z
S1
N center-symmetries, as can be
explicitly seen from the above expression. Moreover, the loop-induced term is the same as
obtained earlier since the adjoint fermions do not couple to the overall U(1) ⊂ U(N) nor the
(C(2), C(1)) and (D(1), D(0)) backgrounds.
To see that Ltop., in the form shown in the second line in (4.30), reproduces the mixed
chiral-center anomaly upon a 2pi shift of b(0), one needs to solve the constraints (4.22) and
(4.28) and use the solutions that correspond to the insertion of nontrivial ’t Hooft fluxes. A
simple example38 is to take a solution of the constraints with the only nonzero backgrounds
38There are N independent solutions of the constraint (4.22) of minimal energy: only one of the FA is taken
to be nonzero, equal to NC(2) (since
∮
FA = 2piZ, there can not be smaller fluxes in any of the N U(1) factors).
This gives rise to N degenerate classical ground states of the finite-volume (e.g. compactified on a large T 3)
theory in a ’t Hooft flux background, say one with only C(2)12 6= 0 [52]. Monopole-instantons are tunnelling
events between these degenerate ground states. As this goes beyond our main theme, we do not pursue it here.
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F1 = NC
(2) and dϕ1 = N2piD
(1). The relations (4.18) show that this corresponds to the
insertion of a usual ’t Hooft flux configuration embedded in the ~A Cartan part of SU(N):
~F = ~ν1NC
(2), with an additional ’t Hooft flux embedded in the A0 field, F0√N = C
(2). The
ZN phase in the mixed anomaly is now due to the 1/N term in (4.30).39
As a final step before performing a duality transformation, we enforce the Bianchi identity
for the U(1)N fields FA by introducing N dual photon fields σA and coupling them to FA in
an Z(1)N -invariant manner. We also add a Lagrange multiplier field uµ to enforce the constraint
(4.22):
Llagr. = − 1
4pi
N∑
A=1
∂λσA
λµνFA µν +
1
4pi
uλ
µνλ
N∑
B=1
(FB µν − C(2)µν ). (4.31)
The U(1)N fields FA have quantized fluxes,
∮
FA = 2piZ, hence the fields σA are 2pi periodic;
Z(1)N invariance of (4.31) follows from the quantization of the σ and λ
(1) periods. Thus, now
we have the bosonic Lagrangian, combining (4.23, 4.29, 4.30, 4.31)
Lbos =
− L
4g2
N∑
B=1
(FB µν − C(2)µν )(FµνB − C(2) µν) +
2pi
g2L
N∑
B=1
(∂µϕB − 1
2pi
D(1)µ )(∂
µϕB − 1
2pi
D(1) µ)
− 1
4pi
N∑
A=1
∂λσA
λµνFA µν +
1
4pi
uλ
µνλ
N∑
B=1
(FB µν − C(2)µν ) (4.32)
−b
(0)
4pi
[
N∑
B=1
FB µν
µνλ∂λϕB − 1
N
(
N∑
B=1
FB µν)
µνλ(
N∑
C=1
∂λϕC)
]
.
Integrating out FB, we find the solution of the saddle point equation:
FµνB = C
(2) µν − g
2
2piL
µνλ
(
∂λσB − uλ + b(0)(∂λϕB − 1
N
N∑
C=1
∂λϕC)
)
. (4.33)
39Equivalently, on the surface of the constraint, we can rewrite (4.30) as
Ltop. = − b
(0)
4pi
[
N∑
B=1
FB µν
µνλ∂λϕB −NC(2)µν µνλD(1)λ
]
,
but in using this form, it is understood that FB and φB satisfy (4.22) and (4.28), respectively. The anomaly
under 2pi shifts of b(0) is due to the last, center-background dependent term.
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Some algebra shows that with (4.33), (4.32) becomes:
Lbos =
g2
8pi2L
N∑
B=1
(
∂λσB − uλ + b(0)(∂λϕB − 1
N
N∑
C=1
∂λϕC)
)(
∂λσB − uλ + b(0)(∂λϕB − 1
N
N∑
C=1
∂λϕC)
)
+
2pi
g2L
N∑
B=1
(∂µϕB − 1
2pi
D(1)µ )(∂
µϕB − 1
2pi
D(1) µ) (4.34)
− 1
4pi
N∑
B=1
∂λσB
λµνC(2)µν .
We next eliminate the Lagrange multiplier uλ from its equation of motion
uλ =
1
N
N∑
B=1
∂λσB (4.35)
to finally obtain for the kinetic term of the magnetic dual theory:
Ldual,SYM =
g2
8pi2L
N∑
B=1
∣∣∣∣(∂λσB − 1N
N∑
C=1
∂λσC) + b
(0)(∂λϕB − 1
N
N∑
C=1
∂λϕC)
∣∣∣∣2
+
2pi
g2L
N∑
B=1
∣∣∣∣∂µϕB − 12piD(1)µ
∣∣∣∣2 (4.36)
− 1
4pi
N∑
B=1
∂λσB
λµνC(2)µν +
1
4pi
N∑
B=1
vµ (∂µϕB − D
(1)
µ
2pi
) ,
where on the last line we introduced a Lagrange multiplier field vµ to enforce the constraint
(4.28). The form of the kinetic term for the N dual photons implies that their diagonal
fluctuation in the (σ1, ...σN ) ∼ (1, ...1) direction has no kinetic term and decouples.
We stress again that (4.36) is invariant under the gauged 1-form center symmetry, which
only acts on C(2) in the magnetic dual theory. In form notation the corresponding term in
(4.36) is − 12pi
N∑
B=1
dσB ∧C(2), whose variation under Z(1)N , − 12pi
N∑
B=1
dσB ∧dλ(1), does not affect
the partition function, given that both dσB and dλ(1) have 2pi quantized periods.
Further, it follows from (4.36) that under a Z(0)2N discrete chiral transformation, a 2pik
shift of b(0), the dual photons shift as
Z(0)2N : σA → σA − 2pikϕA , b(0) → b(0) + 2pik , (4.37)
rederiving the earlier result (4.13) in this basis. The Lagrangian (4.36) is invariant, except
for the term coupling dσ to C(2). Its variation ∆Ldual,SYM , returning to form notation and
using the constraint (4.28), is
Z(0)2N : ∆Ldual,SYM = −k
N∑
B=1
dϕBC
(2) = −2pik
N
ND(1)
2pi
∧ NC
(2)
2pi
(4.38)
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Naturally, the magnetic dual theory gives the same mixed chiral-center anomaly as that
computed from the electric theory in (3.14).
Finally, we note that with the U(1)N parametrization of the scalars, the ’t Hooft ver-
tex (4.16), reproduced here e−
8pi2
g2
δAN e
− 8pi2
g2
~αA·~ϕ+i~αA·(~σ+b(0)~ϕ), is explicitly invariant under the
gauged ZS1N 0-form center. The ’t Hooft vertex only depends on ~αA · ~ϕ. According to (4.24),
it can be written as ~αA · ~φ =
N∑
B=1
ϕB~αA · ~νB. Thus, under the shift (4.25), ~αA · ~φ shifts by
λ(0)
2pi
N∑
B=1
~αA · ~νB = 0. Likewise, the terms in the ’t Hooft vertex depend on the dual photon
fields only through ~αA · ~σ; we can use the relations (4.24) with ϕA → σA to rewrite them
in terms of the N -dimensional basis. The invariance of the ’t Hooft vertices under chiral
transformations (4.38) then is as described in Section 4.2.1.
The results of this paper should be useful to studying the questions of the interplay of
anomaly matching and IR dynamics, mentioned in Section 1, but left for future work.
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A Adjoint Weyl fermion calculation
This appendix outlines the calculations done for the adjoint Weyl fermions leading to (3.1).
A.1 Choosing a regulator
The first step in the calculation is to determine exactly how we want to introduce the Pauli-
Villars (PV) fermions in order to maintain gauge invariance. The fermion terms of the original
4D Lagrangian are of the form:
Lferm(ψ,A,B) = Tr
[
iψ†σ¯M∂Mψ + ψ†σ¯M [AM , ψ] + ψ†σ¯MBMψ
]
(A.1)
Here, AM is the SU(N) gauge field and BM the nondynamical background field gauging the
classical U(1) symmetry. Moreover, σM are the Pauli matrices with σ0 defined to be the 2×2
identity matrix and σ¯M are the same matrices except with opposite sign for M = 1, 2, 3.
We use traces to specify the contraction of colour indices since, in the adjoint represen-
tation, we can treat the fermions as su(N) valued. Explicitly, we break it up as:
ψ =
N−1∑
a=1
ψaHa +
∑
1≤A 6=B≤N
ψβ
AB
EβAB
Here the Ha are the usual Cartan generators (scaled so that Tr
[
Ha, Hb
]
= δab) and EβAB ≡
EAB are N × N matrices with zeroes everywhere except for a one in the Ath row and Bth
– 36 –
column. While these are technically complex linear combinations of elements of su(N), they
have the nice property that[
~H,EβAB
]
= ~βABEβAB .
Thus, they correspond exactly to the root vectors. It is also helpful to keep in mind that
E†
βAB
= ET
βAB
= EβBA = E−βAB and that Tr
[
EβAB , EβCD
]
= δADδBC .
The usual method of introducing PV fermions for Weyl fermions is to introduce an
uncharged righthand component for the PV fermions and a Dirac mass term. However,
such a mass term will mix the charged left handed components and uncharged right handed
components in a way that cannot be gauge invariant. Instead, owing to the reality of the
adjoint representation, we introduce the PV masses as Majorana masses, eliminating the need
for any right handed modes.
Using the trace formulae for the Cartan basis generators given above, the Lorentz and
gauge invariant mass term for a two-component adjoint fermion can be written as
Tr [ψψ] =
N−1∑
a=1
ψaψa +
∑
1≤A 6=B≤N
ψβ
AB
ψβ
BA
.
Thus, the Lagrangian for each PV fermion, looks like
LPV (ψi, A,B) = Tr
[
iψ†i σ¯
M∂Mψi + ψ
†
i σ¯
M [AM , ψi] + ψ
†
i σ¯
MBMψi +
Mi
2
(
ψiψi + ψ
†
iψ
†
i
)]
(A.2)
Notice that we include an index, i, on our PV fermions. We do this because, in order to fully
regulate the theory, we need more than one PV fermion. If we denote the statistics of the
particles by a variable si with usual fermionic statistics corresponding to si = +1 and bosonic
statistics corresponding to si = −1, then the conditions our PV fermions need to satisfy in
order to fully regulate the theory are∑
i
si = −1 and
∑
i
siM
2
i = 0. (A.3)
To ensure finiteness of all diagrams in our theory, we introduce 3 PV fermions with the
following characteristics: s1 = s2 = −1, s3 = +1, M1 = M2 = M , and M3 =
√
2M (these
conditions ensure that the short-distance behaviour of the x-space massless propagator is
sufficiently smoothed out by the PV contributions, for explicit expressions and discussion see
e.g. [53]). Here M is the regulator scale, which will be taken to infinity at the end of all
calculations.
For simplicity in our notation, we include the physical fermions with index i = 0; thus,
ψ0 ≡ ψ with s0 = +1 and M0 = 0. Using this notation, our whole Lagrangian becomes:
Lferm,reg(ψ0, ψ1, ψ2,ψ3, A,B) =
3∑
i=0
Tr
[
iψ†i σ¯
M∂Mψi + ψ
†
i σ¯
M [AM , ψi] + ψ
†
i σ¯
MBMψi +
Mi
2
(
ψiψi + ψ
†
iψ
†
i
)]
.
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(A.4)
A.2 Finding the propagator
Equipped with a regulator, we can now look for the Feynman rules needed for our calculation.
In order to eventually find the effective 3D theory, we need Feynman rules that correspond
to 3D fields. The way to do this is to perform an integral around the compact x3 direction:
L3D =
∫ L
0
dx3Lfull.
This integral is straightforward to evaluate once we split the fields into Kaluza-Klein (KK)
modes as follows:
χ(xµ, x3) =
∑
z∈Z
ei
2piz
L
x3χz(x
µ)
Notice that here we are using χ to stand for any of the fields at play. For fermions, we also
specify the notation such that
ψ†i (x
µ, x3) =
∑
z∈Z
e−i
2piz
L
x3ψ†i,z(x
µ).
Following through with the x3 integral, we are left with factors of the circumference L. We
absorb these into the definition of the fermion fields and the coupling constant in order to
give them the correct mass dimensions for a 3D theory. Specifically,
√
Lψi →ψi
g4/
√
L→g3
(A.5)
This gives the following breakdown of mass dimensions:
Quantity/Field 4D Mass Dimension 3D Mass Dimension
Vector Fields (Aµ and Bµ) 1 1
Fermions (ψi) 32 1
Scalars 1 1
g 0 1/2
Also, in the resulting 3D Lagrangian, we find that all 3D fields with z 6= 0 develop a Kaluza-
Klein (KK) mass 2pizL and that all adjoint field modes that correspond to a root vector β
AB
develop a mass mβAB =
〈
~A3
〉
· ~βAB due to the nonzero holonomy vev. Note that this assumes
that we have picked a gauge in which the vev of A3 is contained in the Cartan subalgebra;
since this can always be done and it significantly simplifies the following work, we make
this choice of gauge. Additionally, if we are in the vicinity of the center symmetric point,〈
~A3
〉
= 2piNL~ρ, the KK and holonomy vev masses cannot cancel out
40 and mβAB +
2piz
L is on the
40In fact, these masses cannot cancel for any vev of LA3 which is in the interior of the Weyl chamber, see
e.g. [41] for a precise definition.
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order of 2piNL . Hence, it is sensible to consider the IR theory at scales below
2pi
NL and integrate
out all the massive W-bosons and fermion modes. This is the basis of the calculations we
present in this paper.
For our purposes, we do not need the entire L3D. We only care about having massless
gauge bosons and scalars as external fields and charged massive fermions as internal fields.
For propagators, we need the kinetic and mass terms of all the fermion fields corresponding
to su(N) roots:
L =
3∑
i=0
∑
1≤A<B≤N
∑
z∈Z
ψβ
AB†
i,z σ¯
µ∂µψ
βAB
i,z + ψ
βBA†
i,−z σ¯
µ∂µψ
βBA
i,−z
+ ψβ
AB†
i,z σ¯
3
(
mz,βAB +W
)
ψβ
AB
i,z + ψ
βBA†
i,−z σ¯
3
(
m−z,βBA +W
)
ψβ
BA
i,−z
+Mi
(
ψβ
BA
i,−z ψ
βAB
i,z − ψβ
AB†
i,z ψ
βBA†
i,−z
)
Here, the quantity mz,βAB is defined by
mz,βAB =
2piz
L
+mβAB =
2piz
L
+
〈
~A3
〉
· ~βAB = 2piz
L
+
2pi
NL
ρ · ~βAB + 2pi
L
〈
~φ
〉
· ~βAB. (A.6)
We also introduce the notationW = B3, proportional to the U(1)-background holonomy. For
vertices we need the following terms:
3∑
i=0
∑
1≤A<B≤N
∑
z∈Z
ψβ
AB†
i,z σ¯
µ~βAB · ~A0,µψβ
AB
i,z + ψ
βBA†
i,−z σ¯
µ~βBA · ~A0,µψβ
BA
i,−z
+ ψβ
AB†
i,z σ¯
3 2pi
L
~βAB · ~φ′ψβABi,z + ψβ
BA†
i,−z σ¯
µ~βBA · ~φ′ψβBAi,−z
+ ψβ
AB†
i,z σ¯
µBµψ
βAB
i,z + ψ
βBA†
i,−z σ¯
µBµψ
βBA
i,−z
Notice that for each z ∈ Z and 1 ≤ A < B ≤ N , ψβABi,z and ψβ
BA
i,−z are mixed by the Majorana
mass term and not mixed with any other fermion modes. To clean up these expressions,41 we
can pair these two 2-component fermions into a 4-component fermion:
Ψβ
AB
i,z =
(
ψβ
AB
i,z
ψβ
BA†
i,−z
)
. (A.7)
To find the vertices and propagators, we use the chiral representation of 4D gamma matrices,
γ5 =
(
1 0
0 −1
)
, γ0 =
(
0 1
1 0
)
, γi =
(
0 σi
−σi 0
)
, i = 1, 2, 3, and Ψ¯ = Ψ†γ0, so that the kinetic
41The calculation can also be done in the two-component formalism described in [54]. While some details
are different—most importantly, the propagators are simpler, but there are more diagrams to consider if the
4-component Dirac representation (A.7) is not used—we have checked that, naturally, the final result is the
same. Note that we use the two-component formalism in Section A.6.1 when calculating the contribution of
the KK zero-modes needed to match the anomaly under large gauge transformations.
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This leads to the following Feynman rules:
p
  
AB
i,z = i
 
/p+  3mz, AB    5 3W  Mi
  ⇣
p2  m2
z, AB
 W 2  M2i + 2 5Wmz, AB + 2 5 3WMi
⌘
⇣
p2  m2
z, AB
 W 2  M2i + i"
⌘2   4W 2m2
z, AB
  4W 2M2i
(A.6)
Aa0,µ
  
AB
i,z
 ¯ 
AB
i,z
= i AB,a µ (A.7)
B0,µ
  
AB
i,z
 ¯ 
AB
i,z
= i 5 µ (A.8)
 0a0
  
AB
i,z
 ¯ 
AB
i,z
= i
2⇡
L
 AB,a 3 (A.9)
A.3 Chern-Simons term
Equipped with the Feynman rules in equations (A.6, A.7, A.8, A.9), we can now complete
the calculations of the one loop topological terms in our IR theory. We start with the A ^ F
term, which involves the following diagrams:
p
k
k + p
p
Aa0,µ A
b
0,⌫
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Figure 1. The propagator of the non-Cartan adjoint fermions, assembled into the four-component
spinor (A.7), in the background of nontrivial gauge, 〈 ~A3〉, included inmz,βAB of (A.6), and global-U(1),
W , holonomies. When W = 0, the propagator, shown on Figure 6, drastically simplifies.
terms of the fermions are
3∑
i=0
∑
1≤A<B≤N
∑
z∈Z
Ψ¯β
AB
i,z
(
i/∂ + γ3mz,βAB + γ
5γ3W +Mi
)
Ψβ
AB
i,z .
The propagator for the non-Cartan adjoint fields, assembled into the 4-component object
(A.7) is shown in Figure 1. The interaction vertices take the form
3∑
i=0
∑
1≤A<B≤N
∑
z∈Z
Ψ¯β
AB
i,z
(
~βAB · ~/A0 + γ3~βAB · ~φ′ + γ5 /B0
)
Ψβ
AB
i,z .
and the vertex Feynman rules that follow are shown on Figure 2.
This leads to the foll wing Feynman rules:
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AB
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z, AB
 W 2  M2i + 2 5Wmz, AB + 2 5 3WMi
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p2  m2
z, AB
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⌘2   4W 2m2
z, AB
  4W 2M2i
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AB
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2⇡
L
 AB,a 3 (A.9)
A.3 Chern-Simons term
Equipped with the Feynman rules in equations (A.6, A.7, A.8, A.9), we can now complete
the calculations of the one loop topological terms in our IR theory. We start with the A ^ F
term, which involves the following diagrams:
p
k
k + p
p
Aa0,µ A
b
0,⌫
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This leads to the following eynman rules:
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A.3 Chern-Simons term
Equipped with the Feynman rules in equations (A.6, A.7, A.8, A.9), we can now complete
the calculations of the one loop topological terms in our IR theory. We start with the A ^ F
term, which involves the following diagrams:
p
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k + p
p
Aa0,µ A
b
0,⌫
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This leads to the following Feynman rules:
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AB
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/p+  3mz, AB    5 3W  Mi
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z, AB
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A.3 Chern-Simons term
Equipped with the Feynman rules in equations (A.6, A.7, A.8, A.9), we can now complete
the calculations of the one loop topological terms in our IR theory. We start with the A ^ F
term, which involves the following diagrams:
p
k
k + p
p
Aa0,µ A
b
0,⌫
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Figure 2. The interaction vertices between the non-Cartan adjoint fermions and the light gauge and
global background fields.
A.3 Chern-Simons term
Equipped with the Feynman rules of Figures 1, 2 we can now complete the calculations of the
one loop topological terms in our IR theory. We start with the A ∧ F term, which involves
the diagram from Fig. 3, where we sum over all the Ψβ
AB
i,z fields that can run in the internal
loop. Fixing i ∈ {0, 1, 2, 3}, z ∈ Z, and β ∈ {βAB ∈ RN−1|1 ≤ A < B ≤ N}, the contribution
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This leads to the following Feynman rules:
p
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AB
i,z = i
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/p+  3mz, AB    5 3W  Mi
  ⇣
p2  m2
z, AB
 W 2  M2i + 2 5Wmz, AB + 2 5 3WMi
⌘
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p2  m2
z, AB
 W 2  M2i + i"
⌘2   4W 2m2
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  4W 2M2i
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A.3 Chern-Simons term
Equipped with the Feynman rules in equations (A.6, A.7, A.8, A.9), we can now complete
the calculations of the one loop topological terms in our IR theory. We start with the A ^ F
term, which involves the following diagrams:
p
k
k + p
p
Aa0,µ A
b
0,⌫
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Figure 3. The diagram contributing to the Chern-Simons A ∧ F term.
from this individual diagram looks like:
−si
2
βaβb
∫
d3k
(2pi)3
1[(
k2 −m2z,β −W 2 −M2i + iε
)2 − 4W 2m2z,β − 4W 2M2i ]
× 1[(
(k + p)2 −m2z,β −W 2 −M2i + iε
)2 − 4W 2m2z,β − 4W 2M2i ]
×Tr [(/k + γ3mz,β − γ5γ3W −Mi) (k2 −m2z,β −W 2 −M2i + 2γ5Wmz,β + 2γ5γ3WMi) γν(
/k + /p+ γ
3mz,β − γ5γ3W −Mi
) (
(k + p)2 −m2z,β −W 2 −M2i + 2γ5Wmz,β + 2γ5γ3WMi
)
γν
]
(A.8)
Note the overall factor of 12 comes from a symmetry factor and the overall minus follows from
the fermion loop.
Since we only care about the topological terms, we can avoid all terms of the trace, except
for those that give a Levi-Civita tensor. After working out this part of the trace, we are left
with an overall factor pσεσµν . Here we can again simplify our calculation by recalling that we
are only interested in the terms that are leading order in p, since p is a small quantity in the
IR. Therefore, since we have an overall linear factor of p, we can safely set p = 0 everywhere
else in the integrand. This leaves us with the following expression:
2isiβ
aβbWpσε
σµν
∫
d3k
(2pi)3
a(k)2 + 4
(
m2z,β +M
2
i
)
a(k) + 4
(
m2z,β +M
2
i
)
W 2[
(a(k) + iε)2 − 4W 2m2z,β − 4W 2M2i
]2 (A.9)
with a(k) =
(
k2 −m2z,β −W 2 −M2i
)
. Using the standard technique of replacing our k with
a Euclidean kE and changing to spherical coordinates gives us:
− 1
pi2
siβ
aβbWpσε
σµν
∫ ∞
0
dkEk
2
E
b(kE)
2 − 4(m2z,β +M2i )b(kE) + 4(m2z,β +M2i )W 2[
b(kE)2 − 4(m2z,β +M2i )W 2
]2 (A.10)
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with b(kE) = k2E +m
2
z,β +M
2
i +W
2.The integral has an exact antiderivative given by:
1
4
[
2kE(k
2
E −m2z,β −M2i +W 2)
k4E + 2k
2
E(m
2
z,β +M
2
i +W
2) + (m2z,β +M
2
i −W 2)2
− 1
W
sign
(√
m2z,β +M
2
i −W
)
arctan
 kE∣∣∣√m2z,β +M2i −W ∣∣∣

+
1
W
sign
(√
m2z,β +M
2
i +W
)
arctan
 kE∣∣∣√m2z,β +M2i +W ∣∣∣

The first term vanishes for kE → 0 and kE → ∞, so it does not contribute to the integral.
For kE → 0, both arctan functions also vanish. Thus the only contribution is from the arctan
terms in the limit kE →∞. This limit gives us
pi
8W
[
sign
(√
m2z,β +M
2
i +W
)
− sign
(√
m2z,β +M
2
i −W
)]
(A.11)
To further simplify this expression, we note that it is even in W , hence we can replace W
with |W |. This gives
pi
8 |W |
[
1− sign
(√
m2z,β +M
2
i − |W |
)]
Thus, the Feynman diagram gives
− 1
4pi
siβ
aβbsign (W )
1
2
[
1− sign
(√
m2z,β +M
2
i − |W |
)]
pσε
σµν (A.12)
For
√
m2z,β +M
2
i < |W |, this vanishes. This will always happen for the PV fermions, since
we will take the M → ∞ limit. Moreover, if |z| is sufficiently large, it will vanish. Thus,
only the physical fermions with z close to zero can contribute, and the sum over infinite KK
modes is really a finite sum over a small number of terms. We write this as
− 1
4pi
sign (W )
∑
β∈β+
n(mβ,W )β
aβbpσε
σµν (A.13)
Where n(mβ,W ) is the function from equation (3.3), which we reproduce here for convenience:
n(mβ,W ) ≡ 1
2
∑
k∈Z
[
1− sign(|mβ + 2pi
L
k| − |W |)
]
, (A.14)
stressing again that the seemingly infinite sum only involves a finite number of nonzero terms.
This precisely gives the A ∧ F term in equation (3.1):
− 1
4pi
sign (W )
∑
β∈β+
n(mβ,W )β
aβbAa ∧ F b. (A.15)
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The first term vanishes for kE ! 0 and kE ! 1, so it does not contribute to the integral.
For kE ! 0, both arctan functions also vanish. Thus the only contribution is from the arctan
terms in the limit kE !1. This limit gives us
⇡
8W
h
sign
⇣q
m2z,  +M
2
i +W
⌘
  sign
⇣q
m2z,  +M
2
i  W
⌘i
(A.13)
To further simplify this expression, we note that it is even in W , hence we can replace W
with |W |. This gives
⇡
8 |W |
h
1  sign
⇣q
m2z,  +M
2
i   |W |
⌘i
Thus, the Feynman diagram gives
  1
4⇡
si 
a bsign (W ) 1
2
h
1  sign
⇣q
m2z,  +M
2
i   |W |
⌘i
p "
 µ⌫ (A.14)
For
q
m2z,  +M
2
i < |W |, this vanishes. This will always happen for the PV fermions, since
we will take the M ! 1 limit. Moreover, if |z| is su ciently large, it will vanish. Thus,
only the physical fermions with z close to zero can contribute, and the sum over infinite KK
modes is really a finite sum over a small number of terms. We write this as
  1
4⇡
sign (W )
X
 2 +
n(m  ,W ) 
a bp "
 µ⌫ (A.15)
Where n(m  ,W ) is the function from equation (2.4), which we reproduce here for convenience:
n(m  ,W ) ⌘ 1
2
X
k2Z

1  sign(|m  + 2⇡
L
k|  |W |)
 
, (A.16)
stressing again that the seemingly infinite sum only involves a finite number of nonzero terms.
This precisely gives the A ^ F term in equation (2.3):
  1
4⇡
sign (W )
X
 2 +
n(m  ,W ) 
a bAa ^ F b. (A.17)
A.4 The BF term
Here we look at the contribution to the B^F term of equation (2.3) coming from the diagram:
p
k
k + p
p
Aa0,µ B0,⌫
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Figure 4. The diagram contributing to the B ∧ F term.
A.4 The BF term
Here we look at the contribution to the B∧F term of equation (3.1) coming from the diagram
shown on Figure 4. This gives the expression
−siβa
∫
d3k
(2pi)3
1[(
k2 −m2z,β −W 2 −M2i + iε
)2 − 4W 2m2z,β − 4W 2M2i ]
× 1[(
(k + p)2 −m2z,β −W 2 −M2i + iε
)2 − 4W 2m2z,β − 4W 2M2i ]
× Tr [(/k + γ3mz,β − γ5γ3W −Mi) (k2 −m2z,β −W 2 −M2i + 2γ5Wmz,β + 2γ5γ3WMi) γ5γν(
/k + /p+ γ
3mz,β − γ5γ3W −Mi
) (
(k + p)2 −m2z,β −W 2 −M2i + 2γ5Wmz,β + 2γ5γ3WMi
)
γν
]
(A.16)
The main difference is the extra γ5 in the trace. As before, we look for the Levi-Civita terms
and keep everything to leading order in p, leaving
4isimz,ββ
apσε
σµν
∫
d3k
(2pi)3
a(k)2 + 4W 2a(k) + 4
(
m2z,β +M
2
i
)
W 2[
(a(k) + iε)2 − 4(m2z,β +M2i )W 2
]2
=− 2
pi
simz,ββ
apσε
σµν
∫ ∞
0
dkEk
2
E
b(kE)
2 − 4W 2b(kE) + 4(m2z,β +M2i )W 2[
b(kE)2 − 4(m2z,β +M2i )W 2
]2
(A.17)
The integral here is nearly identical to the one from the A∧F term except with the replacement(
m2z,β +M
2
i
)
↔W 2. Hence, the integral gives
pi
8
√
m2z,β +M
2
i
[
sign
(
W +
√
m2z,β +M
2
i
)
− sign
(
W −
√
m2z,β +M
2
i
)]
(A.18)
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This is again even with respect toW , so we replaceW with |W |. Then the Feynman diagram
gives
− 1
2pi
si
mz,β√
m2z,β +M
2
i
βapσε
σµν × 1
2
[
1− sign
(
|W | −
√
m2z,β +M
2
i
)]
(A.19)
This is now completely opposite to the A ∧ F case, as this contribution only vanishes for the
finitely many physical fermion modes with
√
m2z,β +M
2
i < |W | and never vanishes for the
regulators. Summing over all modes now gives
− 1
2pi
∑
β∈β+
βa
 lim
M→∞
∑
z∈Z
sign (mz,β)− 2 mz,β√
m2z,β +M
2
+
mz,β√
m2z,β + 2M
2

−
∑
z∈Z
sign (mz,β)
1
2
(1− sign (|mz,β | − |W |))
]
pσε
σµν
(A.20)
Notice that we have included sign (mz,β) for every physical fermion in the first infinite sum,
then used the second infinite sum to subtract off the finitely many that should vanish. This
makes the first infinite sum easier to evaluate; one can show that:42
lim
M→∞
∑
z∈Z
sign (mz,β)− 2 mz,β√
m2z,β +M
2
+
mz,β√
m2z,β + 2M
2
 = 1+2⌊Lmβ
2pi
⌋
−2Lmβ
2pi
. (A.21)
Thus, overall for the Feynman diagram we have
− 1
2pi
∑
β∈β+
(
1 + 2
⌊
Lmβ
2pi
⌋
− 2Lmβ
2pi
− n′ (mβ,W )
)
βapσε
σµν (A.22)
where n′ was defined earler in (3.3):
n′(mβ,W ) ≡ 1
2
∑
k∈Z
sign(mβ +
2pi
L
k)
[
1− sign(|mβ + 2pi
L
k| − |W |)
]
. (A.23)
If we assume that we are in the Weyl chamber (i.e. close to the center symmetric point),
the term with the floor function vanishes. Recalling the identities
∑
β∈β+ β
a = 2~ρ and∑
β∈β+ β
aβb = Nδab, we see that the constant term gives 2ρa and the continuous term linear
in mβ gives −2ρa − 2 〈φa〉. Hence, we get
1
2pi
2 〈φa〉+ ∑
β∈β+
n′ (mβ,W )βa
 pσεσµν . (A.24)
42This was used in [27]. For completeness, we give a detailed proof in Appendix D. We note that the
expression for the terms not involving W is identical to that obtained by ζ function regularization (as the only
nonzero holonomy background involved is one of the gauge group, periodicity properties are ensured by gauge
invariance; as noted earlier, periodicity in the holonomy is automatic in the ζ function regulator).
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This is in agreement with equation (3.1), since it suggests the following IR term:
1
2pi
2 〈φa〉+ ∑
β∈β+
n′ (mβ,W )βa
B ∧ F a. (A.25)
A.5 Triangle diagram contributions
In this section, we will finish off the determination of equation (3.1) by finding the φ′ depen-
dence in the B ∧ F term. This obtained from the diagrams shown on Figure 5.
Notice that we have included sign (mz, ) for every physical fermion in the first infinite sum,
then used the second infinite sum to subtract o  the finitely many that should vanish. This
makes the first infinite sum easier to evaluate; one can show that:13
lim
M!1
X
z2Z
0@sign (mz, )  2 mz, q
m2z,  +M
2
+
mz, q
m2z,  + 2M
2
1A = 1+2 Lm 
2⇡
⌫
 2Lm 
2⇡
. (A.23)
Thus, overall for the Feynman diagram we have
  1
2⇡
X
 2 +
✓
1 + 2
 
Lm 
2⇡
⌫
  2Lm 
2⇡
  n0 (m  ,W )
◆
 ap "
 µ⌫ (A.24)
where n0 was defined earler in (2.4):
n0(m  ,W ) ⌘ 1
2
X
k2Z
sign(m  +
2⇡
L
k)

1  sign(|m  + 2⇡
L
k|   |W |)
 
. (A.25)
If we assume that we are in the Weyl chamber (i.e. close to the center symmetric point),
the term with the floor function vanishes. Recalling the identities
P
 2 +  
a = 2~⇢ andP
 2 +  
a b = N ab, we see that the constant term gives 2⇢a and the continuous term linear
in m  gives  2⇢a   2 h ai. Hence, we get
1
2⇡
0@2 h ai+ X
 2 +
n0 (m  ,W ) a
1A p " µ⌫ . (A.26)
This is in agreement with equation (2.3), since it suggests the following IR term:
1
2⇡
0@2 h ai+ X
 2 +
n0 (m  ,W ) a
1AB ^ F a. (A.27)
A.5 Triangle diagram contributions
In this section, we will finish o  the determina ion of equation (2.3) by finding  0 depen-
dence in the B ^ F term. This obtained from the following diagrams:
p+ q
k + q q
pk   p
kA
a
0,µ
 0b
B0,⌫
13See [3]. In fact, the expression for the terms not involving W is identical to that obtained by ⇣ function
regularization. As the holonomy background involved is one of the gauge group, periodicity properties are
ensured and automatically incorporated by the ⇣ function.
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p+ q
k + p p
qk   q
kA
a
0,µ
B0,⌫
 0b
Since we are only concerned with  0 dependence, we drop W from these calculations. This
leaves us with a much simpler propagator:
p
  
AB
i,z = i
/p+  3mz, AB  Mi
p2  m2
z, AB
 M2i + i"
(A.28)
With this propagator, we find that the first diagram gives us
2⇡
L
si 
a b
Z
d3k
(2⇡)3
1h
k2  m2z,   M2i
i h
(k + q)2  m2z,   M2i
i h
(k   p)2  m2z,   M2i
i
⇥ Tr ⇥ 5 ⌫  /k +  3mz,   Mi   3  /k + /q +  3mz,   Mi   µ  /k   /p+  3mz,   Mi ⇤
(A.29)
we evaluate the trace, keeping only the terms that develop a Levi-Civita tensor, then use
Feynman parameters to combine the denominator. This leads to an expression that is not
entirely pleasant, which can be written more simply as
16⇡i
L
si 
a b
Z 1
0
dxdydz (x+ y + z   1)
Z
d3k
(2⇡)3
M2i b1 + b2 + k
2b3 
a M2i
 3 (A.30)
where a, b1, b2, and b3 are defined as follows:
a =k2 + 2k · (yq   xp) + xp2 + yq2  m2z, 
b1 =(k   p  q) " µ⌫
b2 =m
2
z, (k + p+ q) "
 µ⌫   k⌫k (p+ q) " µ    k⌫q p " µ 
+ (k   p)µk q " ⌫    (k + q)µk p " ⌫  + (p · q + k · p  k · q)k " µ⌫
b3 =  k " µ⌫
(A.31)
Unlike the previous diagrams, this is divergent, so we perform the sum over the i index,
adding the physical and PV fermion contributions. This leads to the following expression:
8i a b
Z 1
0
dxdydz (x+ y + z   1)
Z
d3k
(2⇡)3
1
a3 (a M2)3 (a  2M2)3
⇥ ⇥ 6M4a5   18M6a4 + 14M8a3  b1
+
 
12M4a4   48M6a3 + 66M8a2   36M10a+ 8M12   b2 + k2b3 ⇤
(A.32)
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Figure 5. The triangle diagrams contributing to the B ∧ dA φ′ term.
Since we are only concerned with φ′ dependence, we drop W from these calculations.
This leaves us with a much simpler propagator, shown in Figure 6. With this propagator, we
p+ q
k + p p
qk   q
kA
a
0,µ
B0,⌫
 0b
Since we are only concerned with  0 dependence, we drop W from these calculations. This
leaves us with a much simpler propagator:
p
  
AB
i,z = i
/p+  3mz, AB  Mi
p2  m2
z, AB
 M2i + i"
(A.28)
With this propagator, we find that the first diagram gives us
2⇡
L
si 
a b
Z
d3k
(2⇡)3
1h
k2   2z,   M2i
i h
(k + q)2  m2z,   M2i
i h
(k   p)2  m2z,   M2i
i
⇥ Tr ⇥ 5 ⌫  /k +  3mz,   Mi   3  /k + /q +  3mz,   Mi   µ  /k   /p+  3mz,   Mi ⇤
(A.29)
we evaluate t trace, keeping only the terms that develop a Levi-Civita tensor, then use
Feynman parameters to combine the denominator. This leads to an expression that is not
entirely pleasant, which can be written more simply as
16⇡i
L
si 
a b
Z 1
0
dxdydz (x+ y + z   1)
Z
d3k
(2⇡)3
M2i b1 + b2 + k
2b3 
a M2i
 3 (A.30)
where a, b1, b2, and b3 are defined as follows:
a =k2 + 2k · (yq   xp) + xp2 + yq2  m2z, 
b1 =(k   p q) " µ⌫
b2 =m
2
z, (k + p+ q) "
 µ⌫   k⌫k (p+ q) " µ    k⌫q p " µ 
+ (k   p)µk q " ⌫    (k + q)µk p " ⌫  + (p · q + k · p  k · q)k " µ⌫
b3 =  k " µ⌫
(A.31)
Unlike the previous diagrams, this is divergent, so we perform the sum over the i index,
adding the physical and PV fermion contributions. This leads to the following expression:
8i a b
Z 1
0
dxdydz (x+ y + z   1)
Z
d3k
(2⇡)3
1
a3 (a M2)3 (a  2M2)3
⇥ ⇥ 6M4a5   18M6a4 + 14M8a3  b1
+
 
12M4a4   48M6a3 + 66M8a2   36M10a+ 8M12   b2 + k2b3 ⇤
(A.32)
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Figure 6. The propagator in the W = 0 background.
find that the first diagram on Fig. 5 gives us
2pi
L
siβ
aβb
∫
d3k
(2pi)3
1[
k2 −m2z,β −M2i
] [
(k + q)2 −m2z,β −M2i
] [
(k − p)2 −m2z,β −M2i
]
× Tr [γ5γν (/k + γ3mz,β −Mi) γ3 (/k + /q + γ3mz,β −Mi) γµ (/k − /p+ γ3mz,β −Mi)]
(A.26)
we evaluate the trace, keeping only the terms that develop a Levi-Civita tensor, then use
Feynman parameters to combine the denominator. This leads to an expression that is not
entirely pleasant, which can be written more simply as43
16pii
L
siβ
aβb
∫ 1
0
dxdydzδ(x+ y + z − 1)
∫
d3k
(2pi)3
M2i b1 + b2 + k
2b3(
a−M2i
)3 (A.27)
43For brevity, we omit the µν indices from the definitions of b1, b2, b3, and of similar definitions further in
this Section.
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where a, b1, b2, and b3 are defined as follows:
a =k2 + 2k · (yq − xp) + xp2 + yq2 −m2z,β
b1 =(k − p− q)σεσµν
b2 =m
2
z,β(k + p+ q)σε
σµν − kνkδ(p+ q)λεδµλ − kνqδpλεδµλ
+ (k − p)µkσqδεδνσ − (k + q)µkσpδεδνσ + (p · q + k · p− k · q)kσεσµν
b3 =− kσεσµν
(A.28)
Unlike the previous diagrams, this is divergent. To obtain a finite expression, we perform the
sum over the i index, adding the physical and the three PV fermion contributions. This leads
to the following expression for the first diagram on Fig. 5:
8iβaβb
∫ 1
0
dxdydzδ(x+ y + z − 1)
∫
d3k
(2pi)3
1
a3 (a−M2)3 (a− 2M2)3
× [(6M4a5 − 18M6a4 + 14M8a3) b1
+
(
12M4a4 − 48M6a3 + 66M8a2 − 36M10a+ 8M12) (b2 + k2b3)]
(A.29)
The second diagram on Fig. 5 is nearly identical and gives the same expression with the
following replacements:
a→ c =k2 + 2k(xp− yq) + xp2 + yq2 −m2z,β
b1 → d1 =− (k + p+ q)σεσµν
b2 → d2 =m2z,β(p+ q − k)σεσµν + (k + p)νkλqδεµλδ − k · q(k + q)σεσµν
− kµ (pλkδ − kλqδ − pλqδ) εδνλ + (k − q)µkδpλεδνλ
b3 → d3 =− (k + p)σεσµν
(A.30)
The expressions obtained finally give convergent integrals, so one can shift the integration
variable. Using a shift k → k′ = k + yq − xp for the first diagram and a shift k → k′′ =
k + xp − yq for the second proves useful. Under these shifts and using the facts that odd
functions of k′ or k′′ will vanish and that under an otherwise Lorentz invariant integral
k′σk′λ =
1
3k
2gσλ, we can simplify the a, bi, c, and di variables to
a =k′2 − (xp− yq)2 + xp2 + yq2 −m2z,β
b1 =− [(1− x)pσ + (1 + y)qσ] εσµν
b2 =mz,β [(1 + x)pσ + (1− y)qσ] εσµν + k′2
[
pσ − 1
3
qσ
]
εσµν
(A.31)
k2b3 =k
′2
[
5
3
yqσ − 5
3
xpσ
]
εσµν
c =k′′2 − (xp− yq)2 + xp2 + yq2 −m2z,β
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d1 =− [(1− x)pσ + (1 + y)qσ] εσµν
d2 =mz,β [(1 + x)pσ + (1− y)qσ] εσµν − 1
3
k′′2qσεσµν
k2d3 =k
′′2
[
5
3
yqσ −
(
5
3
x− 1
)
pσ
]
εσµν
(A.32)
Notice that the expression for a and c are identical apart from the different symbol for the
integration variable. Hence, we can now combine the expressions from the two diagrams.
This leads to
16pii
L
βaβb
∫ 1
0
dxdydzδ(x+ y + z − 1)
∫
d3k′
(2pi)2
1
a3 (a−M2)3 (a− 2M2)3
× [(6M4a5 − 18M6a4 + 14M8a3) (b1 + d1)
+
(
12M4a4 − 48M6a3 + 66M8a2 − 36M10a+ 8M12) (b2 + d2 + k2b3 + k2d3)]
= −16pii
L
βaβbpσε
σµν
[
2
3
I1 − 4
3
I2 − 4
9
I3
]
− 16pii
L
βaβbqσε
σµν
[
4
3
I1 − 2
3
I2 − 2
9
I3
]
,
(A.33)
where we have simplified the integral into bite-sized pieces as follows
I1 =
∫
d3k′
(2pi)3
1
a3 (a−M2)3 (a− 2M2)3
(
6M4a5 − 18M6a4 + 14M8a3)
=
i
16pi
M4
 1(
M2 +m2z,β
)3/2 (
2M2 +m2z,β
) + 1(
M2 +m2z,β
)(
2M2 +m2z,β
)3/2
− 1(
M2 +m2z,β
)3/2 (
2M2 +m2z,β
)
+
(
M2 +m2z,β
)(
2M2 +m2z,β
)3/2
 ,
(A.34)
I2 =m
2
z,β
∫
d3k′
(2pi)3
1
a3 (a−M2)3 (a− 2M2)3
(
12M4a4 − 48M6a3 + 66M8a2 − 36M10a+ 8M12)
=
−i
32pi
 1|mz,β | − 2m
2
z,β(
M2 +m2z,β
)3/2 + m2z,β(
2M2 +m2z,β
)3/2
 ,
(A.35)
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and
I3 =
∫
d3k′
(2pi)3
k′2
a3 (a−M2)3 (a− 2M2)3
(
12M4a4 − 48M6a3 + 66M8a2 − 36M10a+ 8M12)
=
3i
32pi
 1
|mz,β | −
2√
m2z,β +M
2
+
1√
m2z,β + 2M
2
 .
(A.36)
These expressions must be summed over all z ∈ Z and then taken to the limit M → ∞.
Luckily, this is fairly straightforward, since we can use the definition of Riemann integration
to replace limM→∞ 1M
∑
z∈Z,z>0 with
∫∞
0 dz limM→∞. Pulling out a factor of M then, we can
evaluate these sums as integrals, apart from terms that leave a harmonic sum:44
lim
M→∞
bLM2pi c∑
z=−bLM2pi c
1
|z ± µ| .
However, we can use the identity
∑N
z=1
1
z → log (N) + γE to convert these sums into diver-
gent logarithms that will eventually cancel (one has to add and subtract a 1/|z| sum to the
harmonic sum above). Using these techniques, we get
I1 → iL
32pi2
I2 →−iL
64pi2
(
log
(
L2M2
32pi2
)
− F (µ)− F (1− µ) + 2
)
I3 → 3iL
64pi2
(
log
(
L2M2
32pi2
)
− F (µ)− F (1− µ)
) (A.37)
Here F (x) is the digamma function, defined by F (x) = Γ′(x)/Γ(x), and µ ≡ Lmβ2pi −
⌊
Lmβ
2pi
⌋
.
Plugging these back into equation (A.33), we get
1
pi
βaβb(pσ + qσ)ε
σµν (A.38)
Summing over the positive roots gives
N
pi
δab(pσ + qσ)ε
σµν (A.39)
44Technically, here we should replace M with a dimensionless scaled version, ML
2pi
, but the idea works out
the same. We skip some of the details of obtaining the harmonic sum as well as the further expressions below.
We only note that the harmonic sum arises after splitting the sum over z ∈ Z into terms with |z| ≤ bLM
2pi
c
(giving the harmonic sum) and ones with |z| > bLM
2pi
c (the latter, after a shift of the summation variable give
rise to convergent Riemannian integrals in the ML→∞ limit).
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Here F (x) is the digamma function, defined by F (x) =  0(x)/ (x), and µ ⌘ Lm 2⇡  
j
Lm 
2⇡
k
.
Plugging these back into equation (A.35), we get
1
⇡
 a b(p  + q )"
 µ⌫ (A.38)
Summing over the positive roots gives
N
⇡
 ab(p  + q )"
 µ⌫ (A.39)
Finally, this justifies the inclusion of the  0 term in equation (2.3) since it perfectly matches
an IR term of the form
1
⇡
~ 0 · ~F ^B . (A.40)
We note that the calculation of this section is a check on our calculations of the BF term
contribution proportional to the vev of the previous section, as the appearance of ~ 0 in the
combination ~ 0 + h~ i is expected.
A.6 The chiral Chern-Simons term
In this subsection, we find the B ^ dB term of the EFT from equation 2.3. I assume we will
be including the B ^ dB term with the others in the main equation. Not sure if that’s where
you wanted it in the main text, but it’s an easy fix if not. This calculation is quite similar to
the A ^ F calculation, but with one major di erence: the B field couples to all fermions the
same, meaning we also must include the massive Cartan fermions.
Before we start that, however, we check the contribution from the non-Cartan fermions.
This is based on the diagram:
p
k
k + p
p
Bµ B⌫
Which corresponds to the expression
 si
2
Z
d3k
(2⇡)3
1⇣
k2  m2z,   W 2  M2i + i"
⌘2   4W 2m2z,    4W 2M2i  
⇥ 1⇣
(k + p)2  m2z,   W 2  M2i + i"
⌘2   4W 2m2z,    4W 2M2i  
⇥Tr ⇥ /k +  3mz,     5 3W  Mi   k2  m2z,   W 2  M2i + 2 5Wmz,  + 2 5 3WMi   5 ⌫ 
/k + /p+  
3mz,     5 3W  Mi
   
(k + p)2  m2z,   W 2  M2i + 2 5Wmz,  + 2 5 3WMi
 
 5 ⌫
⇤
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Figure 7. The diagram generating the B ∧ dB term.
Finally, this justifies the inclusion of the φ′ term in equation (3.1) since it perfectly matches
an IR term of the form
1
pi
~φ′ · ~F ∧B . (A.40)
We note that the calculation of this section is a check on our calculations of the BF term
contribution proportional to the vev of the previous section, as the appearance of ~φ′ in the
combination ~φ′ + 〈~φ〉 is expected.
A.6 The chiral Chern-Simons term
In this subsection, we find the B ∧ dB term of the EFT from equation 3.1. This calculation
is quite similar to the A ∧ F calculation, but with one major difference: the B field couples
to all fermions the same, meaning we also must include the massive Cartan fermions.
Before we start that, however, we check the contribution from the non-Cartan fermions.
This is based on the diagram shown in Figure 7, which gives rise to to the expression
−si
2
∫
d3k
(2pi)3
1[(
k2 −m2z,β −W 2 −M2i + iε
)2 − 4W 2m2z,β − 4W 2M2i ]
× 1[(
(k + p)2 −m2z,β −W 2 −M2i + iε
)2 − 4W 2m2z,β − 4W 2M2i ]
×Tr [(/k + γ3mz,β − γ5γ3W −Mi) (k2 −m2z,β −W 2 −M2i + 2γ5Wmz,β + 2γ5γ3WMi) γ5γν(
/k + /p+ γ
3mz,β − γ5γ3W −Mi
) (
(k + p)2 −m2z,β −W 2 −M2i + 2γ5Wmz,β + 2γ5γ3WMi
)
γ5γν
]
(A.41)
Thus the only differences between this and the A ∧ F term calculation are the lack of β out
front and the inclusion of two extra γ5 from the vertices. The γ5 do change the results of
taking the traces, but the procedure is nearly identical to before: keep only terms that give
a Levi-Civita and consider only the leading order term in p. From this, we are left with one
term that looks like kσk · p, so we use the fact that in a Lorentz in variant 3d-integral, we can
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make the replacement kσkρ → 13gσρk2 to obtain the integral:
2isiWpσε
σµν
∫
d3k
(2pi)3
a(k)2 + 4mz,βa(k) + 4
(
m2z,β −M2i
)
W 2 + 83M
2
i k
2[
(a(k) + iε)2 − 4
(
m2z,β +M
2
i
)
W 2
]2 (A.42)
here we are again using a(k) ≡ k2−m2z,β−M2i −W 2. We Wick rotate our integration variable
and change to spherical coordinates to find
− si
pi2
Wpσε
∫
dkEk
2
E
b(kE)
2 − 4m2z,βb(kE) + 4
(
m2z,β −M2i
)
W 2 − 83M2i k2E[
b(kE)2 − 4
(
m2z,β +M
2
i
)
W 2
]2 (A.43)
We can again find an exact antiderivative:
1
12W 3
(
m2z,β +M
2
i
)
 f(kE ,W )
k4E + 2k
2
E
(
m2z,β +M
2
i +W
2
)
+
(
m2z,β +M
2
i −W 2
)2
+
g(W )∣∣∣√m2z,β +M2i −W ∣∣∣√m2z,β +M2i arctan
 kE∣∣∣√m2z,β +M2i −W ∣∣∣

− g(−W )∣∣∣√m2z,β +M2i +W ∣∣∣√m2z,β +M2i arctan
 kE∣∣∣√m2z,β +M2i +W ∣∣∣

(A.44)
with
f(kE ,W ) ≡− 2k3EW
(
3m2z,βW
2 +m2z,βM
2
i +W
2M2i +M
4
i
)
+ 2kEW
(
m2z,β +M
2
i −W 2
) (
3m2z,βW
2 −m2z,βM2i +W 2M2i −M4i
)
(A.45)
g(W ) ≡− 3m4z,βW 2 +m4z,βM4i + 3m2z,βW 3
√
m2z,β +M
2
i − 6m2z,βW 2M2i
−m2z,βWM2i
√
m2z,β +M
2
i + 2m
2
z,βM
4
i − 2W 4M2i + 5W 3M2i
√
m2z,β +M
2
i
− 3W 2M4i −WM4i
√
m2z,β +M
2
i +M
6
i
(A.46)
This formula is considerably uglier than before, but it is nice in the necessary limits; it vanishes
under kE → 0, so we need only consider the kE →∞ limit. For the case
√
m2z,β +M
2
i > |W |,
which occurs for the PV fermions and physical fermions with sufficiently high z, we get
pi
6
M2i(
m2z,β +M
2
i
)3/2 (A.47)
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This vanishes for the physical i = 0 fermions. For the PV fermions we get
lim
Mi→∞
∑
z∈Z
pi
6
M2i(
m2z,β +M
2
i
)3/2 = pi6 L2pi
∫ ∞
−∞
dx
(x2 + 1)3/2
=
L
6
(A.48)
Hence for the non-Cartan PV fermions we get a total contribution of
LW
6pi2
(
N2 −N
2
)
pσε
σµν (A.49)
where N
2−N
2 is just the number of positive roots, over which we have to sum.
For the physical fermions, we have seen that the kE →∞ limit of equation (A.44) vanishes
if
√
m2z,β +M
2
i = |mz,β | > |W |, so we now only need to look at the case where |mz,β | < |W |.
In this case (and remembering that M0 = 0), the limit gives
pi
4 |W | (A.50)
This leads to the non-Cartan physical contribution taking the familiar form:
− 1
4pi
sign (W )
∑
β∈β+
n (mβ,W ) pσε
σµν (A.51)
Now we just need to find the contribution of the Cartan fermions. Fortunately, the calculation
is rather similar.
Since the Bµ field couples the same way to all the adjoint fermion modes, the vertices do
not change. Thus the only change is in the propagators. Selecting the relevant term from the
3d Lagrangian, we find
3∑
i=0
∞∑
z=1
N−1∑
a=1
ψa†i,zσ¯
µ∂µψ
a
i,z + ψ
a†
i,−zσ¯
µ∂µψ
a
i,−z
+ ψa†i,zσ¯
3
(
2piz
L
+W
)
ψai,z + ψ
a†
i,−zσ¯
3
(−2piz
L
+W
)
ψai,−z
+Mi
(
ψai,−zψ
a
i,z − ψa†i,zψa†i,−z
)
(A.52)
Notice that we are only summing over positive z. This is because, unlike with the non-Cartan
fermions, all the negative z terms are already accounted for due to the pairing of ψai,z and
ψai,−z terms. For now, we purposefully leave out the z = 0 mode, because the physical z = 0
mode is massless and reamins in the theory45. Similarly to our treatment of the non-Cartan
fermions, we combine the paired Cartan modes into 4-component fermions:
Ψai,z =
(
ψai,z
ψa†i,−z
)
(A.53)
45This breaks down when W gets too large, so we deal with integrating out the z = 0 at the end of the
section.
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Then the Lagrangian terms can be rewritten as
3∑
i=0
∞∑
z=1
N−1∑
a=1
Ψ¯ai,z
(
i/∂ + γ3
2piz
L
+ γ5γ3W +Mi
)
Ψai,z (A.54)
Hence the only details that change between the Cartan and non-Cartan calculations is the
replacement mz,β → 2pizL and the difference in the sums. Hence from the PV fermions we get
the following contribution from the integral
pi
6
lim
Mi→∞
∞∑
z=1
M2i
(( 2pizL
)
2 +M2i
)3/2 = pi6 L2pi
∫ ∞
0
dx
(x2 + 1)3/2
=
L
12
(A.55)
This means we get exactly half the contribution for each Cartan mode of Ψ as we did for
each non-Cartan mode. And since there are only N − 1 Cartan modes, we find the Cartan
PV fermion contribution to be
LW
6pi2
1
2
(N − 1) pσεσµν (A.56)
The physical Cartan modes are very similar to the physical non-Cartan modes in that for
each mode with |W | > 2pizL , we get a contribution
− 1
4pi
sign (W ) pσεσµν (A.57)
Recalling that we only consider z ≥ 1 and that there are N − 1 Cartan generators, we can
count the contributing modes to get:
− 1
4pi
sign (W ) (N − 1)
⌊
L |W |
2pi
⌋
pσε
σµν (A.58)
Hence, combining all contributions and factoring out a sign(W ), gives the expression
sign(W )
4pi
(N2 − 1) 2
3
L |W |
2pi
− (N − 1)
⌊
L |W |
2pi
⌋
−
∑
β∈β+
n(mβ,W )
 pσεσµν (A.59)
This corresponds to the IR term
sign(W )
4pi
(N2 − 1) 2
3
L |W |
2pi
− (N − 1)
⌊
L |W |
2pi
⌋
−
∑
β∈β+
n(mβ,W )
B ∧ dB (A.60)
A.6.1 Including the Kaluza-Klein zero-modes
In the case that W is of the order ≈ 2piL , it makes sense to integrate out the remaining
z = 0 Cartan modes. This is for example necessary when dealing with large chiral gauge
transformations that shift W → W + 2piL Z; indeed, as demonstrated in the main text, such
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shifts only produce the correct anomaly when all the fermions have been integrated out. Here
we outline the calculation.
As before, we start with the relevant terms in the Lagrangian:
N−1∑
a=1
3∑
i=0
ψa†i,0
(
iσ¯µ∂µ + σ¯
3W + σ¯µBµ
)
ψai,0
+
Mi
2
(
ψai,0ψ
a
i,0 + ψ
a†
i,0ψ
a†
i,0
) (A.61)
Using standard two-component notation [54], the Feynman rules are shown in Figure 8. Using
these, there are two possible diagrams to consider, shown on Figure 9.Using tandard Maj rana notation the Fey man rules are
p
 ai,0 = i
 µpµ +  
3W
p2  W 2  M2i
(A.60)
p
 ai,0 = i
Mi
p2  W 2  M2i
(A.61)
p
 ai,0 = i
Mi
p2  W 2  M2i
(A.62)
B0,µ
 ai,0
 ¯ai,0
= i ¯µ or   i µ . (A.63)
Using these there are two possible diagrams to consider
p
k
k + p
p
B0,µ B0,⌫
and
p
k
k + p
p
B0,µ B0,⌫
The latter of these involves Tr [ ¯µ ⌫ ] = 2gµ⌫ and thus cannot contribute to our topological
terms. The former gives
 si
2
Z
d3k
(2⇡)3
1⇥
k2  W 2  M2i
⇤ ⇥
(k + p)2  W 2  M2i
⇤ Tr h ¯µ ⇣  k  +  3W⌘  ¯⌫   ⇢(k + p)⇢ +  3W  i .
(A.64)
Using the identity, Tr
⇥
 ¯a b ¯c d
⇤
= 2
 
gabgcd   gacgbd + gadgbc   i"abcd , we see that we need
exactly one of the four sigma matrices in the trace to be  3 in order to get a Levi-Civita.
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Figure 8. The Feynman rules for the physical Cartan fermions and PV regulators.
Using standard Majorana notation the Feynman rules are
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Figure 9. The Cartan fermion contributions to the B ∧ dB term.
The latter of these (the ones with the mass insertions) involves Tr [σ¯µσν ] = 2gµν and thus
cannot contribute to our topological terms. The former gives
−si
2
∫
d3k
(2pi)3
1[
k2 −W 2 −M2i
] [
(k + p)2 −W 2 −M2i
] Tr [σ¯µ (σλkλ + σ3W) σ¯ν (σρ(k + p)ρ + σ3W )] .
(A.62)
Using the identity, Tr
[
σ¯aσbσ¯ σd
]
= 2
(
gabgcd − gacgbd + gadgbc − iεabcd), we see that we need
exactly one of the four sigma matrices in the trace to be σ3 in order to get a Levi-Civita.
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This selects the terms
−si
2
∫
d3k
(2pi)3
1[
k2 −W 2 −M2i
] [
(k + p)2 −W 2 −M2i
] (Wkλ Tr [σ¯µσλσ¯νσ3]+W (k + p)λ Tr [σ¯µσ3σ¯νσλ]) .
(A.63)
Evaluating the traces and ignoring everything except the Levi-Civita terms, we find
isiWpλε
λµν
∫
d3k
(2pi)3
1[
k2 −W 2 −M2i
] [
(k + p)2 −W 2 −M2i
] (A.64)
Evaluating this integral gives
− si
8pi
sign(W )
1√
1 +
M2i
W 2
pλε
λµν (A.65)
Looking at the Mi → ∞ limit, we see that the PV fermions give no contribution. On the
other hand, combining all the non-vanishing contributions from the physical fermions gives
−1
2
(N − 1) 1
4pi
sign(W )pλελµν (A.66)
Hence, including these contributions results in the B ∧ dB term
sign(W )
4pi
(N2 − 1) 2
3
L |W |
2pi
− (N − 1)
(
1
2
+
⌊
L |W |
2pi
⌋)
−
∑
β∈β+
n(mβ,W )
B∧dB (A.67)
B Dirac fermion calculations
In this section, we detail the calculations of the Dirac fermion contributions leading to equa-
tion (3.23).
B.1 Topological terms for general vectorlike representations
In this subsection we deal with general Dirac fermions denoted by θ, charged under an un-
specified representation, R. In this section, the generators of R are denoted by T ajk and the
weights of R are labelled with λaj which denotes the jj
th component of the ath Cartan gener-
ator in this representation. We assume that the action of the gauged U(1) from the adjoint
Weyl case on the Dirac fermions is a charge q axial transformation. We also add similar PV
fermions to before (and reuse our index notation i = 0, 1, 2, 3), but now with a simple Dirac
mass. This all leads to the 4D Lagrangian:
Lvec =
3∑
i=0
¯
θji
(
δjkγ
M i∂M + γ
MAaMT
a
jk + δjkγ
5γMqBM − δjkMi
)
θki (B.1)
As before, the mass Mi is the PV mass. θki are four-component Dirac fermions, where k is
the representation index (it runs from 1 to dim R) and i = 0 denotes the physical fermions
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with M0 = 0, while i = 1, 2, 3 denotes the PV fermions with masses chosen as before. Inte-
grating around the compactified dimension and extracting the terms that are relevant for our
calculation, gives us
3∑
i=0
∑
z∈Z
dimR∑
j=1
θ¯jz,i
(
iγµ∂µ + γ
3mz,j + γ
5γ3qW +Mi
+γµAa0,µλ
a
j + γ
5γµqBµ + γ
3φ
′aλaj
)
θjz,i
(B.2)
where mz,j ≡ 2pizL + 2piNLρaλaj + 2piL 〈φa〉λaj , recalling our definition (2.1) of Aa3.
In certain cases, even at the center symmetric point, this mass may vanish46 If that occurs,
for any mode, we simply add a background holonomy for the vectorlike U(1) symmetry. This
holonomy contributes an extra non-zero term µ to mz,j , which we can tune to ensure it does
not vanish for any mode.
Notice that the only differences between these terms and the ones for the Ψ fermions
constructed from the adjoint Weyl fermions are the inclusion of q, the sign of Mi, and the
change from positive roots to weights of R. Hence, the Feynman rules and all the calculations
that follow take a very similar form. In fact, we can merely take the results of the previous
section (namely equations (A.15, A.22, A.38)) and make these replacements. This gives
LDirac =
q
2pi
B ∧ F a
∑
j
(
2
Lm0,j
2pi
− 2
⌊
Lm0,j
2pi
⌋
− 1 + n′(m0,j , qW )
)
λaj
− 1
2pi
Aa ∧ F b
∑
j
sign(qW )n(m0,j , qW )λajλ
b
j
+
q
pi
B ∧ F aφ′b
∑
j
λajλ
b
j
(B.3)
Using the identities
∑
j λ
a
jλ
b
j = C(R)δ
ab and
∑
j λ
a
j = 0, this equation can be further simplified
to
LDirac =
qC(R)
pi
B ∧ F a
(
ρa
N
+ 〈φa〉+ φ′a
)
− q
pi
B ∧ F a
∑
j
⌊
Lm0,j
2pi
⌋
λaj
− 1
4pi
Aa ∧ F b
∑
j
sign(qW )n(m0,j , qW )λajλ
b
j
+
q
2pi
B ∧ F a
∑
j
n′(m0,j , qW )λaj
+
q2
4pi
B ∧ dB sign(qW )
∑
j
[
4
3
L |qW |
2pi
− n(m0,j , qW )
]
.
(B.4)
46To see this, consider the case of, e.g. fundamental Dirac fermions and odd N at the center symmetric
point.
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We remind the reader that the functions n and n′ are defined in (3.4), or (A.14,3.5), and that
m0,j ≡ µ+ 2pi
NL
ρaλaj +
2pi
L
〈φa〉λaj , (B.5)
where µ is theM = 3 component of the U(1)V background gauge field (i.e., its holonomy along
S1) that may be turned on to avoid having massless fermions (depending on the representation
R and the value of 〈φa〉 one is interested in). The weights of R are denoted by λai , i = 1, ...
dimR, and C(R) is the quadratic Casimir. Eq. (B.4) is our general result for the topological
terms due to Dirac fermions in general representations R. It is easy to see that the anomaly
of the chiral-U(1)q small and large transformations for these fermions follows from the above
formulae.
Unfortunately, in a general representation, even assuming we are a the center symmetric
point, we cannot simplify the term with all the floor functions. However, it is possible
when considering specifically the fundamental representation, which is the focus of the next
subsection.
B.2 Fundamental fermions
In this subsection, we show how, in the case that the Dirac fermions are in the fundamental
representation, the results from the previous subsection give us equation (3.23). To obtain
the same equation we also now pick q = −N , which is the U(1)A anomaly-free chiral charge
of the fundamentals in the mixed A+ F theory. With these specifics, we find
−N
pi
B ∧ F a
(
ρa
N
+ 〈φa〉+ φ′a
)
+
N
pi
B ∧ F a
N∑
A=1
⌊
LmA
2pi
⌋
νAa
+
1
4pi
Aa ∧ F b
N∑
A=1
sign(W )n(mA, NW )νAa ν
A
b
− N
2pi
B ∧ F a
N∑
A=1
n′(mA, NW )νAa
− N
2
4pi
B ∧ dB sign(W )
[
N2
4
3
L |W |
2pi
−
N∑
A=1
n(mA, NW )
]
,
(B.6)
where we use νAa , A = 1, ..., N , to denote the weights of the fundamental representation.
Now, all that remains is to deal with the floor functions. For simplicity, we shall assume that
we are at the center symmetric point (i.e. 〈φ〉 = 0) (however, note that the presence of the
floor functions guarantees that this contribution must vary discontinuously within the Weyl
chamber as stated in the main text).
Given 〈φ〉 = 0, the second B ∧ F term in (B.6) becomes
N
pi
B ∧ F a
N∑
A=1
⌊
1
N
~ρ · ~νA + Lµ
2pi
⌋
νAa (B.7)
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For what follows, we assume that µ is tuned to be very small and positive,47 so that the
value of the floor function is determined by the first term. Then we make use of the identity
~ρ · ~νA = N+12 −A to get
N
pi
B ∧ F a
N∑
A=1
⌊
N + 1− 2A
2N
⌋
νAa (B.8)
Notice that for 1 ≤ A ≤ N+12 the floor evaluates to 0, whereas for A > N+12 it evaluates to
-1. Thus, defining
A∗ =
{
N
2 N even
N+1
2 N odd
(B.9)
we can rewrite this term as
−N
pi
B ∧ F a
N∑
A=A∗+1
νAa (B.10)
But recall that
∑N
A=1 ~ν
A = 0 or equivalently −∑NA=A∗+1 ~νA = ∑A∗A=1 ~νA = ~wA∗ . Hence, this
term contributes a single fundamental weight:
N
pi
B ∧ ~F · ~wA∗ (B.11)
Including this with the rest, we recover equation (3.1) recalling that A∗ = N2 when N is even
(for even N , at the center symmetric point, there is no need to turn on µ):
−N
pi
B ∧ F a
(
ρa
N
− waA∗ + φ′
a
)
+
1
4pi
Aa ∧ F b
N∑
A=1
sign(W )n(mA, qW )νAa ν
A
b
− N
2pi
B ∧ F a
N∑
A=1
n′(mA, qW )νAa
− N
2
4pi
B ∧ dB sign(W )
[
N2
2
3
L |W |
2pi
−
N∑
A=1
n(mA, NW )
]
.
(B.12)
B.3 Including background U(1)V
For the Dirac fermions, it is possible to introduce a background field for the U(1)V vector
symmetry. We will denote this field by VM . We split the V3 component up into V3 = µ+ V ′3
with µ being the expectation value. This adds the following term to the 4d Lagrangian
3∑
i=0
θ¯ji δjkγ
MVMθ
k
i . (B.13)
47If N is even, we can take µ = 0 right away.
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In the 3d EFT term, this term becomes
3∑
i=0
∑
z∈Z
θ¯ji,z
(
γ3µ+ γ3V ′0,3 + γ
µV0,µ
)
θki,z . (B.14)
This term does not change the form of the propagator; it simply adds a term µ to mz,j . It
also introduces the two new vertices shown in Figure 10.
In the 3d EFT term, this term becomes
3X
i=0
X
z2Z
✓¯ji,z
 
 3µ+  3V 00,3 +  
µV0,µ
 
✓ki,z . (B.14)
This term does not change the form of the propagator; it simply adds a term µ to mz,j . It
also introduces the two new vertices:
V0,µ
✓ji,z
✓¯ji,z
= i µ (B.15)
V 00,3
✓ji,z
✓¯ji,z
= i 3 (B.16)
The first vertex is identical to the A✓¯✓ vertex with the replacement  a ! 1 and the second
vertex is identical to the  0✓¯✓ vertex this the replacement 2⇡L  a ! 1. Therefore, we can
merely adapt the outcomes of our calculations involving the A and  0 terms. This leads to
the following topological terms for a general Dirac fermion:
q
2⇡
B ^ dV
X
j
✓
2
Lm0,j
2⇡
  2
 
Lm0,j
2⇡
⌫
  1 + n0(m0,j , qW )
◆
  1
4⇡
V ^ dV
X
j
sign(qW )n(m0,j , qW )
  1
2⇡
Aa ^ dV
X
j
sign(qW )n(m0,j , qW ) aj
+
Lq
2⇡2
B ^ dV V 03
X
j
1
+
q
⇡
B ^ dV  0a
X
j
 aj .
(B.17)
The last term vanishes due to the identity
P
j  
a
j = 0. This identity also allows us to simplify
the first term to
q
⇡
B ^ dV dim(R)Lµ
2⇡
+
q
2⇡
B ^ dV
X
j
✓
n0(m0,j , qW )  2
 
Lm0,j
2⇡
⌫
  1
◆
. (B.18)
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Figure 10. The vertices coupling the Dirac fermion to the U(1)V background.
The first vertex is identical to the Aθ¯θ vertex with the replacement βa → 1 and the
second vertex is identical to the φ′θ¯θ vertex this the replacement 2piL β
a → 1. Theref re, we
can merely adapt the outcomes of our calculations involving the A and φ′ terms. This leads
to the following topological terms for a general Dirac fermion:
q
2pi
B ∧ dV
∑
j
(
2
Lm0,j
2pi
− 2
⌊
Lm0,j
2pi
⌋
− 1 + n′(m0,j , qW )
)
− 1
4pi
V ∧ dV
∑
j
sign(qW )n(m0,j , qW )
− 1
2pi
Aa ∧ dV
∑
j
sign(qW )n(m0,j , qW )λaj
+
Lq
2pi2
B ∧ dV V ′3
∑
j
1
+
q
pi
B ∧ dV φ′a
∑
j
λaj .
(B.15)
The last term vanishes due to the identity
∑
j λ
a
j = 0. This identity also allows us to simplify
the first term to
q
pi
B ∧ dV dim(R)Lµ
pi
+
q
2pi
B ∧ dV
∑
j
(
n′(m0,j , qW )− 2
⌊
Lm0,j
2pi
⌋
− 1
)
. (B.16)
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This leaves us with
q
pi
B ∧ dV dim(R)Lµ
2pi
+
q
2pi
B ∧ dV
∑
j
(
n′(m0,j , qW )− 2
⌊
Lm0,j
2pi
⌋
− 1
)
+
Lq
2pi2
dim(R)B ∧ dV V ′3
− 1
4pi
V ∧ dV
∑
j
sign(qW )n(m0,j , qW )
− 1
2pi
Aa ∧ dV
∑
j
sign(qW )n(m0,j , qW )λaj .
(B.17)
In the specific case discussed in the text, with fundamental fermions and q = −N , we thus
find
−LN
2
2pi2
(
µ+ V ′3
)
B ∧ dV
− N
2pi
B ∧ dV
N∑
A=1
(
n′(mA, NW )− 2
⌊
LmA
2pi
⌋
− 1
)
+
1
4pi
V ∧ dV
N∑
A=1
sign(W )n(mA, NW )
+
1
2pi
Aa ∧ dV
N∑
A=1
sign(W )n(mA, NW )λaj .
(B.18)
C On Chern-Simons terms in the unbroken phase: holonomies vs. bound-
ary conditions
Here, we point out a subtlety regarding the induced Chern-Simons term in the unbroken
phase, involving the relation between background Wilson lines and boundary conditions. We
discuss this subtlety because it directly follows from our calculations. The remark may be
relevant if one wants to study topological phases of the compactified theory, a topic which is
outside of our main interest here.
To begin we note that, formally, our calculation of the Chern-Simons (CS) term in the
adjoint theory holds also at vanishing holonomy, 〈Aa3〉 = 0, i.e. in the phase with unbroken
gauge SU(N), provided LW 6= 2piZ. This is because in such a background, all components
of the fermions are massive and the fermion mass gap is of order 1/L, hence the fermions can
be integrated out. Then, we should keep all gauge bosons48 in the external legs and the sum
over a, b in the CS term in (3.1) will be extended over all SU(N) generators.
48Having W 6= 0 breaks supersymmetry (of the single-adjoint theory) and a one-loop potential (trustable
when L is small) for the holonomy is introduced [45]. From this potential (whose form is to be found in e.g.
[35]) it is easy to see that LW/(2pi) = 1/2 forces a vanishing expectation value for Aa3 , while an infinitesimal
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The long-distance 3D YM theory has a dimensionful gauge coupling, g23 ∼ 1Lg2( 1L), which
sets the energy scale where the 3D dynamics is expected to become strong. In order to
decouple the fermions of mass 1/L at weak coupling, we need to have g2( 1L) 1, or ΛL 1,
i.e. we need to be in a typical small-L regime. With all these caveats, we obtain from (A.15),
recalling that
∑
β+
βaβb = Nδab and extending the sum over all generators, the CS term:
LCS = −N sign(W ) n(0,W )
2pi
tr (A ∧ F + . . .) . (C.1)
Admittedly, we have not computed the nonlinear terms in this paper, but expect that the
usual form of the CS term follows from SU(N) gauge invariance. Now, from the definition of
n(0,W ) from (3.3) or (A.14) we see that
n(0,W ) =
1
2
∑
k∈Z
[
1− sign(2pi
L
|k| − |W |)
]
= 1, for 0 < |W | < 1, (C.2)
and that the periodicity property (3.4) then implies that n(0,W ) = 3, for 1 < |W | < 2,
etc. Thus, we find that the (small-L) adjoint-fermion theory, in the background of the U(1)A
Wilson line W , flows to an SU(N) CS theory, whose Lagrangian we can write as
LCS = −Np
2pi
sign(W ) tr (A ∧ F + . . .) = −4Np sign(W )
8pi
tr (A ∧ F + . . .), (C.3)
showing that the CS level is −4Np sign(W ), with p = 1 + 2 b|W |c, where b|W |c is the largest
integer smaller than |W |. We stress that the above result for the CS term holds for the theory
on R3 × S1, defined with a physical fermion and PV fields, all taken in the background of a
U(1) Wilson line W . The PV masses explicitly break the U(1)A and the PV fields obey the
same periodic boundary conditions as the physical fermion.
It is tempting to restrict to Z2N -valued Wilson lines, B3L = LW = 2piq2N , and make an
identification of these with a boundary condition, where fermions are periodic up to a Z2N
phase. In this Appendix, we shall make several comments on this identification.
First, we notice that unless one considers antiperiodic boundary conditions ψ(L) =
−ψ(0), one can not consistently impose Z2N periodicity on the PV fields—periodicity up
to Z2N is not consistent with a translationally invariant (along S1, see below) PV Majorana
mass terms. These terms only allow periodic or antiperiodic boundary conditions.
To elaborate this further, consider a Z2-valied Wilson line, WL = B3L = pi. The CS
term calculated above is not zero in this background—in fact, the CS level is 4N , formally
the same for all values of W between 0 and 1 (however, as discussed in footnote 48, for W
significantly different from 1/2, the calculation assuming unbroken SU(N) at small L is not
meaningful). On the other hand, it is well known that no CS is generated in the thermal
theory, where both regulators and physical fields are taken antiperiodic.
deviation of LW/(2pi) from 1/2 produces a small vev for Aa3 . However, the gauge boson masses remains small,
allowing us to keep all gauge bosons in the external legs. An alternative case to consider, for SYM, is that of
an infinitesimal W , tuned to to be small enough to ignore the potential on the Coulomb-branch.
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The point we wish to make is that a nonzero Wilson line and a Z2N -twisted boundary
condition are not equivalent for the adjoint theory with an anomalous U(1). To see this,
imagine that WL = B3L = 2piq2N is a Z2N valued Wilson line and fermions and regulators are
periodic. Classically, to remove this Wilson line, we redefine
ψ(x3) = ψ′(x3)ei
2piq
2N
x3
L , ψ(L) = ψ(0), hence ψ′(L) = e−i
2piq
2N ψ′(0) . (C.4)
Thus, if ψ is periodic around S1, the new field ψ′ is only periodic up to a Z2N phase. Hence,
periodicity up to Z2N and a nonzero LW = 2piq2N are classically equivalent, as is clear from
considering the physical (massless) adjoint-fermion lagrangian. However, the transformation
(C.4) is a local x3-dependent U(1) phase rotation, not an anomaly-free Z2N transformation (it
is a U(1) transformation periodic up to a Z2N phase). The x3-dependent phase gets “stuck”
in the PV mass terms, leading to a non-translationally invariant regulator.
For simplicity, let us further restrict to the case where ψ′ is antiperiodic, i.e. take q = N .
The transformation (C.4) with q = N changes the partition function. That this is so is clear
from our observation that the following two calculations yield different results for the CS
level:
i.) a background Wilson line WL = pi, with periodic fermions and regulators, and PV
Majorana mass MPV
∫
dx3ψψ, as in (A.2), yields a nonzero CS level, as per (C.1,C.2).
ii.) a vanishing Wilson line W = 0 and antiperiodic fermions and regulators, with
a translationally invariant PV Majorana mass MPV
∫
dx3ψ′ψ′, where ψ′ are antiperiodic
regulators, yields a vanishing CS term
We note that i.) can be made equivalent to ii.) by a field redefintion (as in (C.4)). How-
ever, the Majorana mass becomes x3-dependent, i.e. takes the form MPV
∫
dx3e−i
2pix3
L ψ′ψ′,
with antiperiodic regulators ψ′ (this generalizes to arbitrary values of W , where the fermions
can be thought as having arbitrary periodicity property, and the PV mass term accommo-
dates this twisting at the cost of being non translationally invariant). One can argue that an
x3-dependent regulator mass breaks translational invariance, so if we are to study thermal
partition function and want to have time translations in the regulated theory, we have to
proceed with option ii.). Our point is that a nonzero background Wilson line, LW = pi, with
periodic fermions is not equivalent to the antiperiodic-fermion and vanishing Wilson line case,
provided regulators respect translational invariance along S1.
D A useful infinite sum
Above, see (A.21), we used the fact that for Lmβ/2pi /∈ Z
lim
M→∞
∑
z∈Z
mz,β√
m2z,β
− 2mz,β√
m2z,β +M
2
+
mz,β√
m2z,β + 2M
2
= 1 + 2
⌊
Lmβ
2pi
⌋
− 2Lmβ
2pi
(D.1)
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Now we will prove this relation. Firstly, we define new dimensionless quantities µ ≡ Lmβ/2pi
and A = LM/2pi. Then we can rewrite the sum as∑
z∈Z
z + µ√
(z + µ)2
− 2(z + µ)√
(z + µ)2 +A2
+
z + µ√
(z + µ)2 + 2A2
(D.2)
For cleanliness we make the definition:
Cµ,A(z) ≡ z + µ√
(z + µ)2
− 2(z + µ)√
(z + µ)2 +A2
+
z + µ√
(z + µ)2 + 2A2
(D.3)
Now, we can bound the behavior of Cµ,A as z → ±∞ to prove that it converges. Consider
z > max{2A− µ, 1− µ} and A > 0, then we have
Cµ,A(z) =1− 2(z + µ)√
(z + µ)2 +A2
+
z + µ√
(z + µ)2 + 2A2
< 2
(
1− z + µ√
(z + µ)2 +A2
)
=
2(z + µ)√
(z + µ)2 +A2
(√
1 +
A2
(z + µ)2
− 1
)
< 2
(√
1 +
A2
(z + µ)2
− 1
)
=
A2
(z + µ)2
+O
(
A4
(z + µ)4
)
(D.4)
Similarly,
−Cµ,A(z) =− 1 + 2(z + µ)√
(z + µ)2 +A2
− z + µ√
(z + µ)2 + 2A2
< −1 + 2− z + µ√
(z + µ)2 + 2A2
=1− z + µ√
(z + µ)2 + 2A2
=
(z + µ)√
(z + µ)2 + 2A2
(√
1 +
2A2
(z + µ)2
− 1
)
<
√
1 +
2A2
(z + µ)2
− 1 = A
2
(z + µ)2
+O
(
A4
(z + µ)4
)
(D.5)
Hence,
|Cµ,A(z)| < A
2
(z + µ)2
+O
(
A4
(z + µ)4
)
⇒ lim
z→∞ |Cµ,A(z)| z
3/2 = 0 (D.6)
Therefore, since
∑∞
z=1 z
−3/2 = ζ (3/2) ≈ 2.61 we have necessarily that ∑∞z=1Cµ,A(z) con-
verges absolutely. In fact, we have that
∑∞
z=nCµ,A(z) converges absolutely for any n ∈ Z.
Now consider, z > max{2A− µ, 1− µ} and A > 0, then similarly to the above we have
Cµ,A(−z) =− 1 + 2(z − µ)√
(z − µ)2 +A2 −
z − µ√
(z − µ)2 + 2A2
<1− z − µ√
(z − µ)2 + 2A2
<
A2
(z − µ)2 +O
(
A4
(z + µ)4
) (D.7)
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and
−Cµ,A(−z) =1− 2(z − µ)√
(z − µ)2 +A2 +
z − µ√
(z − µ)2 + 2A2
<2
(
1− (z − µ)√
(z − µ)2 +A2
)
<
A2
(z − µ)2 +O
(
A4
(z + µ)4
) (D.8)
Hence, we have
|Cµ,A(−z)| < A
2
(z − µ)2 +O
(
A4
(z − µ)4
)
⇒ lim
z→∞ |Cµ,A(−z)| z
3/2 = 0 (D.9)
Therefore, as above we have
∑∞
z=−nCµ,A(−z) =
∑n
z=−∞Cµ,A(z) converges absolutely. Com-
bining these two results we see that the total sum
∑
z∈ZCµ,A(z) converges for any non-zero
value of A.
Notice that z and µ always appear together as z + µ within Cµ,A(z) and since we are
summing over all z ∈ Z, we can shift z or equivalently µ by any integer. Hence, using
µ˜ ≡ µ− bµc ∈ (0, 1),49 we have∑
z∈Z
Cµ,A(z) =
∑
z∈Z
Cµ˜,A(z) (D.10)
Now, we want to find
lim
A→∞
∑
z∈Z
Cµ˜,A(z). (D.11)
We do not know a priori that this is a well defined limit, but we have some tricks to help
us. Notice that our argument for the convergence of each limit of the infinite sum can also
be used verbatim to show that
∫∞
1 Cµ˜,A(z)dz and
∫ −1
−∞Cµ˜,A(z)dz are convergent. Hence,
1
2
Cµ˜,A(1) +
∞∑
z=2
Cµ,A(z)−
∫ ∞
1
Cµ˜,A(z)dz (D.12)
and
1
2
Cµ˜,A(−1) +
2∑
z=−∞
Cµ˜,A(z)−
∫ −1
−∞
Cµ˜,A(z)dz (D.13)
are finite. By the Euler-Maclaurin formula,50 these particular expressions are equal to a linear
function of the derivatives of Cµ˜,A. Notice though that for z > 1 or z < −1, the first term of
49In general, µ˜ ∈ [0, 1), but we are using our assumption that µ /∈ Z which is guaranteed by 〈Aa3〉 being in
the interior of the Weyl chamber.
50As a reminder, in physicists’ notation it reads 1
2
F (0) + F (1) + F (2) + ... −
∞∫
0
F (n) = − 1
2!
B2F
′(0) −
1
4!
B4F
′′′
(0) + ..., where B2k denote Bernoulli numbers.
– 63 –
Cµ˜,A(z) is a constant (1 or -1, respectively), so the only terms that survive are those that are
dependent on A. These terms and all derivatives of these terms clearly vanish as A → ∞.
Hence, we can say that
lim
A→∞
(
1
2
Cµ˜,A(1) +
∞∑
z=2
Cµ,A(z)−
∫ ∞
1
Cµ˜,A(z)dz
)
= 0 (D.14)
and
lim
A→∞
(
1
2
Cµ˜,A(−1) +
2∑
z=−∞
Cµ˜,A(z)−
∫ −1
−∞
Cµ˜,A(z)dz
)
= 0 (D.15)
From here we can calculate:
1 = lim
A→∞
(
Cµ˜,A(0) +
1
2
Cµ˜,A(1) +
1
2
Cµ˜,A(−1)
)
= lim
A→∞
(
Cµ˜,A(0) +
∞∑
z=1
Cµ,A(z) +
1∑
z=−∞
Cµ˜,A(z)−
∫ ∞
1
Cµ˜,A(z)dz −
∫ −1
−∞
Cµ˜,A(z)dz
)
= lim
A→∞
( ∞∑
z=−∞
Cµ,A(z)−
∫ ∞
1
Cµ˜,A(z)dz −
∫ −1
−∞
Cµ˜,A(z)dz
)
(D.16)
Now notice that∫ ∞
1
Cµ˜,A(z)dz +
∫ −1
−∞
Cµ˜,A(z)dz
=
∫ ∞
1
(
1− 2(z + µ˜)√
(z + µ˜)2 +A2
+
z + µ˜√
(z + µ˜)2 + 2A2
)
dz −
∫ ∞
1
(
1− 2(z − µ˜)√
(z − µ˜)2 +A2 +
z − µ˜√
(z − µ˜)2 + 2A2
)
dz
=
∫ ∞
1+µ˜
(
1− 2t√
t2 +A2
+
t√
t2 + 2A2
)
−
∫ ∞
1−µ˜
(
1− 2t√
t2 +A2
+
t√
t2 + 2A2
)
= −
∫ 1+µ˜
1−µ˜
(
1− 2t√
t2 +A2
+
t√
t2 + 2A2
)
(D.17)
Hence,
lim
A→∞
∫ ∞
1
Cµ˜,A(z)dz +
∫ −1
−∞
Cµ˜,A(z)dz = −
∫ 1+µ˜
1−µ˜
dz = −2µ˜ (D.18)
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Therefore, finally we have that
1− 2µ˜ = lim
A→∞
( ∞∑
z=−∞
Cµ,A(z)−
∫ ∞
1
Cµ˜,A(z)dz −
∫ −1
−∞
Cµ˜,A(z)dz
)
+ lim
A→∞
(∫ ∞
1
Cµ˜,A(z)dz +
∫ −1
−∞
Cµ˜,A(z)dz
)
= lim
A→∞
∞∑
z=−∞
Cµ,A(z)
(D.19)
Finally, the observation that 1− 2µ˜ = 1 + 2
⌊
Lmβ
2pi
⌋
− 2Lmβ2pi , finishes the proof.
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